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On the Logical Origin of the Laws Governing the Fundamental Forces 
of Nature: A New Algebraic- Axiomatic (Matrix) Approach 

by: Ramin Zahedi 

Logic and Philosophy of Science Research Group ", Hokkaido University, Japan 

28 Jan 2015 

The main idea and arguments of this article are based on my earlier publications (Refs. [l]-[4], Springer. 
1996-1998). In this article, as a new mathematical approach to origin of the laws of nature, using a new basic 
algebraic axiomatic (matrix) formalism based on the ring theory and Clifford algebras (presented in Sec.2), 

“it is shown that certain mathematical forms of fundamental laws of nature, including laws governing the 
fundamental forces of nature (represented by a set of two definite classes of general covariant massive field 
equations, with new matrix formalisms), are derived uniquely from only a very few axioms where in 
agreement with the rational Lorentz group, it is also basically assumed that the components of relativistic 
energy-momentum can only take rational values. In essence, the main scheme of this new mathematical 
axiomatic approach to fundamental laws of nature is as follows. First based on the assumption of rationality 
of D-momentum, by linearization (along with a parameterization procedure) of the Lorentz invariant energy- 
momentum quadratic relation, a unique set of Lorentz invariant systems of homogeneous linear equations 
(with matrix formalisms compatible with certain Clifford, and symmetric algebras) is derived. Then by first 
quantization (followed by a basic procedure of minimal coupling to space-time geometry) of these 
determined systems of linear equations, a set of two classes of general covariant massive (tensor) field 
equations (with matrix formalisms compatible with certain Clifford, and Weyl algebras) is derived uniquely 
as well. Each class of the derived general covariant field equations also includes a definite form of torsion 
field appeared as generator of the corresponding field’ invariant mass. In addition, it is shown that the (1+3)- 
dimensional cases of two classes of derived field equations represent a new general covariant massive 
formalism of bispinor fields of spin-2, and spin-1 particles, respectively. In fact, these uniquely determined 
bispinor fields represent a unique set of new generalized massive forms of the laws governing the 
fundamental forces of nature, including the Einstein (gravitational), Maxwell (electromagnetic) and Yang- 
Mills (nuclear) field equations. Moreover, it is also shown that the (l+2)-dimensional cases of two classes of 
these field equations represent (asymptotically) a new general covariant massive formalism of bispinor fields 
of spin-3/2 and spin- 1/2 particles, corresponding to the Dirac and Rarita-Sch winger equations. 

As a particular consequence, it is shown that a certain massive formalism of general relativity - with a 
definite form of torsion field appeared originally as the generator of gravitational field’s invariant mass - is 
obtained only by first quantization (followed by a basic procedure of minimal coupling to space-time 
geometry) of a certain set of special relativistic algebraic matrix equations. It has been also proved that 
Lagrangian densities specified for the originally derived new massive forms of the Maxwell, Yang-Mills and 
Dirac field equations, are also gauge invariant, where the invariant mass of each field is generated solely by 
the corresponding torsion field. In addition, in agreement with recent astronomical data, a new particular 
form of massive boson is identified (corresponding to the U(l) gauge symmetry group) with invariant mass: 
nty ~ 4.9057 lxlO" 50 kg, generated by a coupled torsion field of the background space-time geometry. 

Moreover, based on the definite mathematical formalism of this axiomatic approach, along with the C, P 
and T symmetries (represented basically by the corresponding quantum operators) of the fundamentally 
derived field equations, it is concluded that the universe could be realized solely with the (1+2) and (1+3)- 
dimensional space-times (where this conclusion, in particular, is based on the T-symmetry). It is proved that 
'CPT' is the only (unique) combination of C, P, and T symmetries that could be defined as a symmetry for 
interacting fields. In addition, on the basis of these discrete symmetries of derived field equations, it has been 
also shown that only left-handed particle fields (along with their complementary right-handed fields) could be 
coupled to the corresponding (any) source currents. Furthermore, it has been shown that the metric of 
background space-time is diagonalized for the uniquely derived fermion field equations (defined and 
expressed solely in (l+2)-dimensional space-time), where this property generates a certain set of additional 
symmetries corresponding uniquely to the SU(2) L ®U(2) R symmetry group for spin- 1/2 fermion fields 
(representing “1+3” generations of four fermions, including a group of eight leptons and a group of eight 
quarks), and also the SU(2) L <8>U(2) R and SU(3) gauge symmetry groups for spin-1 boson fields coupled to the 
spin- 1/2 fermionic source currents. Hence, along with the known elementary particles, eight new elementary 
particles, including four new charge-less right-handed spin- 1/2 fermions (two leptons and two quarks), a 
spin-3/2 fermion, and also three new spin-1 (massive) bosons, are predicted uniquely by this mathematical 
axiomatic approach. As a particular result, based on the definite formulation of derived Maxwell (and Yang- 
Mills) field equations, it has been also concluded that magnetic monopoles could not exist in nature. 1 

1. Introduction and Summary 

Why do the fundamental forces of nature (i.e., the forces that appear to cause all the movements and 
interactions in the universe) manifest in the way, shape, and form that they do? This is one of the 
greatest ontological questions that science can investigate. In this article, we’ll consider this basic and 

* Email: zahedi@let.hokudai.ac.jp, zahedi.r@gmail.com . **(This work has been done and published during my research fellowship, 2007-2016). 

1. https://indico.CERN.ch/event/344173/contribution/1740565/attachments/! 140 145/1 646 10 1/R. A.Zahedi--Forces.of.Nature.Laws-Jan.2015-signed.pdf , 
https://eprints.lib.Hokudai.ac.jp/dspace/handle/2115/59279, https://cds.CERN.ch/record/1980381, https://hal-Parisl.archives-ouvertes.fr/hal-01476703, 
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and crucial question (and a number of relevant issues) via a new axiomatic mathematical formalism. 
By definition, a basic law of physics (or a scientific law in general) is: “A theoretical principle 
deduced from particular facts, applicable to a defined group or class of phenomena, and expressible 
by the statement that a particular phenomenon always occurs if certain conditions be present” [55]. 
Eugene Wigner's foundational paper, “On the Unreasonable Effectiveness of Mathematics in the 
Natural Sciences”, famously observed that purely mathematical structures and formalisms often lead 
to deep physical insights, in turn serving as the basis of highly successful physical theories [50]. 
However, all the known fundamental laws of physics (and corresponding mathematical formalisms 
which are used for their representations), are generally the conclusions of a number of repeated 
experiments and observations over years and have become accepted universally within the scientific 
communities [56, 57]. 

This article is based on my earlier publications (Refs. [l]-[4], Springer, 1996-1998). In this article, as 
a new mathematical approach to origin of the laws of nature, using a new basic algebraic axiomatic 
(matrix) formalism based on the ring theory and Clifford algebras (presented in Sec. 2), “it is shown 
that certain mathematical fomis of fundamental laws of nature , including laws governing the 
fundamental forces of nature ( represented by a set of two definite classes of general covariant 
massive field equations, with new matrix formalisms), are derived uniquely from only a very few 
axioms where in agreement with the rational Lorentz group, it is also basically assumed that the 
components of relativistic energy-momentum can only take rational values.. Concerning the basic 
assumption of rationality of relativistic energy-momentum, it is necessary to note that the rational 
Lorentz symmetry group is not only dense in the general form of Lorentz group, but also is 
compatible with the necessary conditions required basically for the formalism of a consistent 
relativistic quantum theory [77]. In essence, the main scheme of this new mathematical axiomatic 
approach to fundamental laws of nature is as follows. First based on the assumption of rationality of 
/9-momentum, by linearization (along with a parameterization procedure) of the Lorentz invariant 
energy-momentum quadratic relation, a unique set of Lorentz invariant systems of homogeneous 
linear equations (with matrix formalisms compatible with certain Clifford, and symmetric algebras) 
is derived. Then by first quantization (followed by a basic procedure of minimal coupling to space - 
time geometry) of these determined systems of linear equations, a set of two classes of general 
covariant massive (tensor) field equations (with matrix formalisms compatible with certain Clifford, 
and Weyl algebras) is derived uniquely as well. Each class of the derived general covariant field 
equations also includes a definite form of torsion field appeared as generator of the corresponding 
field’ invariant mass. In addition, it is shown that the (1+3) -dimensional cases of two classes of 
derived field equations represent a new general covariant massive formalism of bispinor fields of 
spin-2, and spin-1 particles, respectively. In fact, these uniquely determined bispinor fields represent 
a unique set of new generalized massive forms of the laws governing the fundamental forces of 
nature, including the Einstein (gravitational), Maxwell (electromagnetic) and Yang-Mills (nuclear) 
field equations. Moreover, it is also shown that the (1+2) -dimensional cases of two classes of these 
field equations represent (asymptotically) a new general covariant massive formalism of bispinor 
fields of spin-3/2 and spin- 1/2 particles, respectively, corresponding to the Dirac and Rarita- 
Schwinger equations. 
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As a particular consequence, it is shown that a certain massive formalism of general relativity - with 
a definite form of torsion field appeared originally as the generator of gravitational field’s invariant 
mass - is obtained only by first quantization (followed by a basic procedure of minimal coupling to 
space-time geometry) of a certain set of special relativistic algebraic matrix equations. It has been 
also proved that Lagrangian densities specified for the originally derived new massive forms of the 
Maxwell, Yang-Mills and Dirac field equations, are also gauge invariant, where the invariant mass of 
each field is generated solely by the corresponding torsion field. In addition, in agreement with recent 
astronomical data, a new particular form of massive boson is identified (corresponding to U(l) gauge 
group) with invariant mass: m y ~ 4.90571xl0" 5 °kg, generated by a coupled torsion field of the 
background space-time geometry. 

Moreover, based on the definite mathematical formalism of this axiomatic approach, along with 
the C, P and T symmetries (represented basically by the corresponding quantum operators) of the 
fundamentally derived field equations, it has been concluded that the universe could be realized 
solely with the (1+2) and (l+3)-dimensional space-times (where this conclusion, in particular, is 
based on the T-symmetry). It is proved that 'CPT' is the only (unique) combination of C, P, and T 
symmetries that could be defined as a symmetry for interacting fields. In addition, on the basis of 
these discrete symmetries of derived field equations, it has been also shown that only left-handed 
particle fields (along with their complementary right-handed fields) could be coupled to the 
corresponding (any) source currents. Furthermore, it has been shown that the metric of background 
space-time is diagonalized for the uniquely derived fermion field equations (defined and expressed 
solely in (l+2)-dimensional space-time), where this property generates a certain set of additional 
symmetries corresponding uniquely to the SU(2) L ®U(2) R symmetry group for spin- 1/2 fermion fields 
(representing “1+3” generations of four fermions, including a group of eight leptons and a group of 
eight quarks), and also the SU(2)i ®U(2) R and SU(3) gauge symmetry groups for spin-1 boson fields 
coupled to the spin- 1/2 fermionic source currents. Hence, along with the known elementary particles, 
eight new elementary particles, including: four new charge-less right-handed spin- 1/2 fermions (two 
leptons and two quarks, represented by “z e , z n and z u , Zd”), a spin-3/2 fermion, and also three new 

spin-1 massive bosons (represented by "W + ,W ,Z ", where in particular, the new boson Z is 

complementary right-handed particle of ordinary Z boson), have been predicted uniquely and 
expressly by this new mathematical axiomatic approach. 

As a particular result, in Sec. 3-4-2, based on the definite and unique formulation of the derived 
Maxwell’s equations (and also determined Yang-Mills equations, represented uniquely with two 
specific forms of gauge symmetries, in 3-6-3-2), it has been also concluded generally that magnetic 
monopoles could not exist in nature. 
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1 - 1 . The main results obtained in this article are based on the following three basic assumptions 
(as postulates): 

(D- “A new definite axiomatic generalization of the axiom of “no zero divisors” of integral 
domains (including the ring of integers Z);” 

This algebraic postulate (as a new mathematical concept) is formulated as follows: 

“ Let A = [c/ ;; ] be a n x n matrix with entries expressed by the following linear homogeneous 
polynomials in s variables over the integral domain Z: a tj = a ij (b v b 2 ,b 2i ,...,b s ) = y]H jjk b k ) suppose 

k = i 

also “3 r eM: A' = F(b 1 ,b 2 ,b 3 ,...,b s )I n , \ where F(i> 1 ,Z7 2 ,i> 3 ,...,& 5 ) is a homogeneous polynomial of 
degree r > 2, and I n is nxn identity matrix. Then the following axiom is assumed (as a new 
axiomatic generalization of the ordinary axiom of “no zero divisors” of integral domain Z): 

(A r =0)o(AxM=0, M^O) (1) 

where M is a non-zero arbitrary «xl column matrix”. 

The axiomatic relation (1) is a logical biconditional, where (A' =0) and (AxM =0, M ^0) are 
respectively the antecedent and consequent of this biconditional. In addition, based on the initial 
assumption 3reN: A 1 — F(b t ,b 2 ,b 3 ,...,b s )I n , the axiomatic biconditional (1) could be also 
represented as follows: 

[F(b v b 2 ,b 2 ,...,b s ) = 0] <=> (AxM = 0, M^0) (1-1) 

where the homogeneous equation F(b v F,b 2 ,...,b s ) = 0, and system of linear equations 

(AxM =0, M ^0) are respectively the antecedent and consequent of biconditional (1-1). The 
axiomatic biconditional (1-1), defines a system of linear equations of the type AxM = 0 (M ^ 0) , 
as the algebraic equivalent representation of r"' degree homogeneous equation F(b\.b 2 .b,,....b s ) = 0 
(over the integral domain 7L). In addition, according to the Ref. [6], sine e F(b v b~,,b 2 ,...,b s ) = 0 is a 

homogeneous equation over TL , it is also concluded that homogeneous equations defined over the 
field of rational numbers Q, obey the axiomatic relations (1) and (1-1) as well. As particular outcome 
of this new mathematical axiomatic formalism (based on the axiomatic relations (1) and (1-1), 
including their basic algebraic properties), in Sec. 3-4, it is shown that using, a unique set of general 
covariant massive (tensor) field equations (with new matrix formalism compatible with Clifford, and 
Weyl algebras), corresponding to the fundamental field equations of physics, are derived - where, in 
agreement with the rational Lorentz symmetry group, it has been basically assumed that the 
components of relativistic energy-momentum can only take the rational values. In Sections 3-2 - 3-6, 
we present in detail the main applications of this basic algebraic assumption (along with the 
following basic assumptions (2) and (3)) in fundamental physics. 
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( 2 )- “In agreement with the rational Lorentz symmetry group, we assume basically that the 
components of relativistic energy-momentum (Z)-momentum) can only take the rational values;” 

Concerning this assumption, it is necessary to note that the rational Lorentz symmetry group is not 
only dense in the general form of Lorentz group, but also is compatible with the necessary conditions 
required basically for the formalism of a consistent relativistic quantum theory [77]. Moreover, this 
assumption is clearly also compatible with any quantum circumstance in which the energy- 
momentum of a relativistic particle is transferred as integer multiples of the quantum of action “/l” 
(Planck constant). 


Before defining the next basic assumption, it should be noted that from the basic assumptions (1) and 

(2) , it follows directly that the Lorentz invariant energy-momentum quadratic relation (represented by 
formula (52), in Sec. 3-1-1) is a particular form of homogeneous quadratic equation (represented by 
formula (18-2) in Sec. 2-2). Hence, using the set of systems of linear equations that are determined 
uniquely as equivalent algebraic representations of the corresponding set of quadratic homogeneous 
equations (given by equation (18-2) in various number of unknown variables, respectively), a unique set 
of the Lorentz invariant systems of homogeneous linear equations (with matrix formalisms compatible 
with certain Clifford, and symmetric algebras) are also determined, representing equivalent algebraic 
forms of the energy-momentum quadratic relation in various space-time dimensions, respectively. 
Subsequently, we’ve shown that by first quantization (followed by a basic procedure of minimal 
coupling to space-time geometry) of these determined systems of linear equations, a unique set of 
two definite classes of general covariant massive (tensor) field equations (with matrix formalisms 
compatible with certain Clifford, and Weyl algebras) is also derived, corresponding to various space- 
time dimensions, respectively. In addition, it is also shown that this derived set of two classes of general 
covariant field equations represent new tensor massive (matrix) formalism of the fundamental field 
equations of physics, corresponding to fundamental laws of nature (including the laws governing the 
fundamental forces of nature). Following these essential results, in addition to the basic assumptions (1) 
and (2), it would be also basically assumed that: 

( 3 ) - “We assume that the mathematical formalism of the fundamental laws of nature, are 
defined solely by the axiomatic matrix constitution formulated uniquely on the basis of 
postulates (1) and (2)”, 

In addition to this basic assumption, in Sec. 3-5, the C, P and T symmetries of the uniquely derived 
general covariant field equations (that are field equations (3) and (4) in Sec. 1-2-1), would be represented 
basically by their corresponding quantum matrix operators. 


1 - 2 . In the following, we present a summary description of the main consequences of basic 
assumptions (1) - (3) (mentioned in Sec. 1-1) in fundamental physics. In this article, the metric 
signature (-1 — ... — ), the geometrized units [9] and also the following sign conventions have been 
used in the representations of the Riemann curvature tensor R p v , Ricci tensor R and Einstein 


tensor G 


R p = (d T p 

CT/J.V v V 0/U 


-r^.r^^r^+r^rU v a R 


Av ofi > 


, VP G mv = - SxT mv + .... (2) 
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1 - 2 - 1 . On the basis of assumptions (1) - (3), two sets of the general covariant field equations 
(compatible with the Clifford algebras) are derived solely as follows: 

(iha^W M -rrt* ) a M k / y : ¥ R = 0 (3) 

( ihcc M D u -r4 F) a M k M y¥ F = 0 (4) 

where 

a M = +J3' M , a M =p^-p^ (5) 


iKV and ihD u are the general relativistic forms of energy-momentum quantum operator (where 
is the general covariant derivative and D is gauge covariant derivative, defining in Sections 3- 
4, 3-4-1 and 3-4-2), m <R> and m ( () h ’ are the fields’ invariant masses, k /t = (cj ,0,...,0) is the general 

covariant velocity in stationary reference frame (that is a time-like covariant vector), p M and /?'" are 
two contravariant square matrices (given by formulas (6) and (7)), H 1 R is a column matrix given by 
formulas (6) and (7), which contains the components of field strength tensor R ^(equivalent to the 
Riemann curvature tensor), and also the components of a covariant quantity which defines the 
corresponding source current (by relations (6) and (7)), 4^ is also a column matrix given by 
formulas (6) and (7), which contains the components of tensor field F n v (defined as the gauge field 

strength tensor), and also the components of a covariant quantity which defines the corresponding 
source current (by relations (6) and (7)). In Sec. 3-5, based on a basic class of discrete symmetries of 
general covariant field equations (3) and (4), it would be concluded that these equations could be 
defined solely in (1+2) and (1+3) space-time dimensions, where the (1+2) and (l+3)-dimensional 
cases these field equations are given uniquely as follows (in terms of the above mentioned 
quantities), respectively: 

- For (l+2)-dimensional space-time we have: 


P° = 
P 2 = 


0 

0 

R’ — 

V + a 1 

. P X = 

0 

a 2 

R r — 

0 

cr 3 " 

0 

-(a 0 + cr')_ 

» Po ~ 

0 0 

-a 2 

0 

’ A — 

-a 3 

0 


0 

-CT° 

n 

"1 O' 

ii 

b 

"0 O' 

o 

"0 1" 

1 

i 

o 

o 

cr* 

1 

o 

ii 

b 

0 0 

0 1 

, cr- = 

0 0 

ii 

i 

b 

i 

l 

o 


R pcjlO 


~F 0 ~ 

0 

, = 

0 

Rpcr 21 

’ r 

F 2i 



rn (F) 

L i 


_<P 


j ( R ) _ 

J pcrv 


im (R) 

-( V v+^r-M«V 


,(/?) 




im, 


(F) 


~K)<p 


(F) . 


( 6 ) 


- For (l+3)-dimensional space-time of we get: 


'0 0 

ft' - 

V+/) o' 

. p l = 

1 

o 

to 

1 


1 

o 

u> 

1 

_0 -(/ + /)_ 

’ P 0 — 

0 0 

1 

1 

o 

1 

’ Pi — 

1 

1 

to 

o 

1 


6 



1 

0 

1 

ff = 

1 

O 

1 

“V 

1 

7^ 

U) 

II 

1 

so 

K 

0 

1 

ff = 

1 

r- 

K 

O 

1 

O 

1 

’ H 2 

~r 4 

1 

O 

y 1 0 

’ 7^3 

1 

O 

VO 

K 

1 

1 


'1 

0 

0 

0" 


“0 

0 

0 

o" 


' 0 


0 

0 

r 



“0 

0 


0 

o' 

0 

1 

0 

0 

1 

0 

0 

0 

0 

9 

0 


0 

0 

0 

9 


0 

0 


-1 

0 

0 

0 

0 

0 

. r = 

0 

0 

1 

0 

. r = 

0 


0 

0 

0 

. r 


0 

1 


0 

0 

0 

0 

0 

0 


0 

0 

0 

1 


-1 

0 

0 

0 



0 

0 


0 

0 

’0 

0 

0 

O' 


"0 

0 

-1 

o' 


'0 

0 

0 


0" 



0 

-1 

0 

o' 


0 

0 

0 

1 


0 

0 

0 

0 

f, 

0 

0 

0 


0 


7 

1 

0 


0 

0 


0 

0 

0 

0 

. r = 

1 

0 

0 

0 

. r = 

0 

0 

0 


1 


r = 

0 

0 


0 

0 

•> 

0 

-1 

0 

0 


0 

0 

0 

0 


0 

0 

-1 

0 



0 

0 


0 

0 



w 


R 


Rperl 0 


'*io" 

R per 20 


O 
r N 

RpcriO 


F 

1 30 

0 

, +V = 

0 

R pcr22 


C23 

R peril 


F 3i 

R perl 2 


f 12 



_,(*■) 

_ (Pper 


(P 


r( R ) _. 
^ pcrv 



-(V r + 

-(A + 


,(F) 


^V F) ; 


(V) 


In formulas ( 6 ) and (7), and J\ F) are the covariant source currents expressed necessarily in 
terms of the covariant quantities (p { ^ and (p F) (as initially given quantities). Moreover, in Sections 

3-4 - 3-6, it has been also shown that the field equations in (1+2) dimensions, are compatible with 
the matrix representation of Clifford algebra Cf 1 , 2 , and represent (asymptotically) new general 
covariant massive formalism of bispinor fields of spin-3/2 and spin- 1/2 particles, respectively. It has 
been also shown that these field equations in (1+3) dimensions are compatible with the matrix 
representation of Clifford algebra Cf. 13 , and represent solely new general covariant massive 
formalism of bispinor fields of spin -2 and spin -1 particles, respectively. 


1 - 2 - 2 . In addition, from the field equations (3) and (4), the following field equations (with ordinary 
tensor formulations) could be also obtained, respectively: 


V A R paav + ^ u R pavX + ^v R paAu ~ T \< R parv + T \,v R p m l + T \a R P 




MV _ _ T 
p^'pa J pc r 


(R)v . 


r p =(d y p +r p r +r p r i 

A apv U V Av 1 <jp> Ap l av>' 


(R) _ /V 7 , lm 0 


W 


J {K) =-(V + 

■V ^ + n 


K)f>P.T m = 


im 


(R) 


TflV 


2 n 


(8r P K~S„ k p)- 


(3-1) 

(3-2) 

(3-3) 
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and 


d*f mv +d m f vX +d v f^= 0, 

D m F mv = -J HF) ; 

F , v = VA, - D f A . 


Jl F) =-m + 


im, 


(F) 


h 


K)<P 


(F) 


■ (F) 

7 _ lm 0 

wv 2 n 


(8 v K~8„ k ,)- 


(4-1) 

(4-2) 


(4-3) 


where in equations (3-1) - (3-2), T p is the affine connection given by: T p = T / L — K p , F p is 
the Christoffel symbol (or the torsion-free connection), K p is a contorsion tensor defined by: 
K — (im ( 0 R) /2h)g k a (that is anti-symmetric in the first and last indices), T is its corresponding 
torsion tensor given by: T = K — K (as the generator of the gravitational field’s invariant mass), 
V is general covariant derivative defined with torsion T . In equations (4-1) - (4-3), D is the 
general relativistic form of gauge covariant derivative defined with torsion field Z v (which generates 
the gauge field’s invariant mass), and A denotes the corresponding gauge (potential) field. 


1 - 2 - 3 . In Sec. 3-5, on the basis of definite mathematical formalism of this axiomatic approach, 
along with the C, P and T symmetries (represented basically by the corresponding quantum 
operators, in Sec. 3-5) of the fundamentally derived field equations, it has been concluded that the 
universe could be realized solely with the (1+2) and (1+3) -dimensional space-times (where this 
conclusion, in particular, is based on the T-symmetry). It is proved that 'CPT' is the only (unique) 
combination of C, P, and T symmetries that could be defined as a symmetry for interacting fields. In 
addition, on the basis of these discrete symmetries of derived field equations, it has been also shown 
that only left-handed particle fields (along with their complementary right-handed fields) could be 
coupled to the corresponding (any) source currents. Furthermore, it has been shown that the metric of 
background space-time is diagonalized for the uniquely derived fermion field equations (defined and 
expressed solely in (1+2) -dimensional space-time), where this property generates a certain set of 
additional symmetries corresponding uniquely to the SU(2) L ®U(2) R symmetry group for spin- 1/2 
fermion fields (representing “1+3” generations of four fermions, including a group of eight leptons 
and a group of eight quarks), and also the SU(2) L ®U(2) R and SU(3) gauge symmetry groups for spin- 
1 boson fields coupled to the spin- 1/2 fermionic source currents. Hence, along with the known 
elementary particles, eight new elementary particles, including: four new charge-less right-handed 
spin- 1/2 fermions (two leptons and two quarks, represented by “z e , z n and z u , Zd”), a spin-3/2 

fermion, and also three new spin-1 massive bosons (represented by "W + ,W , Z ", where in 

particular, the new boson Z is complementary right-handed particle of ordinary Z boson), have 
been predicted uniquely by this new mathematical axiomatic approach (as shown in Sections 3-6- 1-2 
and 3-6-3-2). 


1 - 2 - 4 . As a particular consequence, in Sec. 3-4-2, it is shown that a certain massive formalism of 
the general theory of relativity - with a definite torsion field which generates the gravitational field 4 s 
mass - is obtained only by first quantization (followed by a basic procedure of minimal coupling to 
space-time geometry) of a set of special relativistic algebraic matrix relations. In Sec. 3-4-4, it is also 
proved that Lagrangian densities specified for the derived unique massive forms of Maxwell, Yang- 
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Mills and Dirac equations, are gauge invariant as well, where the invariant mass of each field is 
generated by the corresponding torsion field. In addition, in Sec. 3-4-5, in agreement with recent 
astronomical data, a new massive boson is identified (corresponding to U(l) gauge group) with 
invariant mass: Hf, ~ 4.9057 lxlO" 50 kg, generated by a coupling torsion field of the background 
space-time geometry. Furthermore, in Sec. 3-4-2, based on the definite and unique formulation of the 
derived Maxwelks equations (and also determined Yang-Mills equations, represented unqiely with 
two specific forms of gauge symmetries), it is also concluded that magnetic monopoles could not 
exist in nature. 


1 - 2 - 5 . As it would be also shown in Sec. 3-4-3, if the Ricci curvature tensor v is defined basically 

by the following relation in terms of Riemann curvature tensor (which is determined by field 
equations (3-1) - (3-3)): 


(V.+ 


i/n 


(JO 


h 


= (V„ + 


im, 


( R ) 


-K)R uo -(y u + 


vn, 


(JO 


h v ' w h 




vp 


( 8 - 1 ) 


then from this expression for the current in terms of the stress-energy tensor T 


pv- 


C=- 8^[(V ff + 


im, 


(«) 


-K)T pv -(V p + 


im (R) im (R) 

lrn 0 - XT’ 1 , OJMYV 7 , W "o 


-k p )T av ]+m.(y„+- , 

n n 


im, 


(«) 


K)Tg pv -(V p +^-k p )Tg m ,] ( 8 - 2 ) 


where T — T ! ‘ M , the gravitational field equations (including a cosmological constant A emerged 
naturally in the course of derivation process) could be equivalently derived particularly from the 
massless case of tensor field equations (3-1) - (3-3) in (1+3) space-time dimensions, as follows: 


R m ,. = -8^T ;( v + 4 7ff gfl v -A g/JV 


(9) 


1 - 2 - 6 . Let we emphasize again that the results obtained in this article, are direct outcomes of a new 
algebraic-axiomatic approach 1 which has been presented in Sec. 2. This algebraic approach, in the 
form of a basic linearization theory, has been constructed on the basis of a new single axiom (that is 
the axiom (17) in Sec. 2-1) proposed to replace with the ordinary axiom of “no zero divisors” of 
integral domains (that is the axiom (16) in Sec. 2). In fact, as noted in Sec. 1-1 and also Sec. 2-1, the 
new proposed axiom is a definite generalized form of ordinary axiom (16), which particularly has 
been formulated in terms of square matrices (using basically as primary objects for representing the 
elements of underlying algebra, i.e. integral domains including the ring of integers). In Sec. 3, based 
on this new algebraic axiomatic formalism, as a new mathematical approach to origin of the laws of 
nature, “it is shown that certain mathematical forms of fundamental laws of nature, including laws 
governing the fundamental forces of nature (represented by a set of two definite classes of general 
covariant massive field equations, with new matrix formalisms), are derived uniquely from only a 
very few axioms where in agreement with the rational Lorentz group, it is also basically assumed 
that the components of relativistic energy-momentum can only take rational values. 


Besides, we may argue that our presented axiomatic matrix approach (for a direct derivation and formulating the fundamental laws of nature 
uniquely) is not subject to the Godel's incompleteness theorems [51]. As in our axiomatic approach, firstly, we've basically changed (i.e. 
replaced and generalized) one of the main Peano axioms (when these axioms algebraically are augmented with the operations of addition and 
multiplication [52, 53, 54]) for integers, which is the algebraic axiom of “no zero divisors”. 

Secondly, based on our approach, one of the axiomatic properties of integers (i.e. axiom of “no zero divisors”) could be accomplished solely 
by the arbitrary square matrices (with integer components). This axiomatic reformulation of algebraic properties of integers thoroughly has 
been presented in Sec. 2 of this article. 
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2. Theory of Linearization: a New Algebraic-Axiomatic (Matrix) Approach 
Based on the Ring Theory 


In this Section a new algebraic theory of linearization (including the simultaneous parameterization) of 
the homogeneous equations has been presented that is formulated on the basis of ring theory and matrix 
representation of the generalized Clifford algebras (associated with homogeneous forms of degree r >2 
defined over the integral domain TL). 

Mathematical models of physical processes include certain classes of mathematical objects and relations 
between these objects. The models of this type, which are most commonly used, are groups, rings, vector 
spaces, and linear algebras. A group is a set G with a single operation (multiplication) axb — c ; 
a,b,c^G which obeys the known conditions [5], A ring is a set of elements R, where two binary 
operations, namely, addition and multiplication, are defined. With respect to addition this set is a group, 
and multiplication is connected with addition by the distributivity laws: a x (b + c) — (a x b) + (a x c), 
(b + c) x a — (b x a) + (c x a) ; a,b,c e R . The rings reflect the structural properties of the set R. As 
distinct from the group models, those connected with rings are not frequently applied, although in physics 
various algebras of matrices, algebras of hyper-complex numbers, Grassman and Clifford algebras are 
widely used. This is due to the intricacy of finding a connection between the binary relations of addition 
and multiplication and the element of the rings [5, 2], This Section is devoted to the development of a 
rather simple approach of establishing such a connection and an analysis of concrete problems on this 
basis. 

I’ve found out that if the algebraic axiom of “no zero divisors” of integral domains is generalized 
expressing in terms of the square matrices (as it has been formulated by the axiomatic relation (17)), 
fruitful new results hold. In this Section, first on the basis of the matrix representation of the generalized 
Clifford algebras (associated with homogeneous polynomials of degree r > 2 over the integral domain TL), 
we’ve presented a new generalized formulation of the algebraic axiom of “no zero divisors” of integral 
domains. Subsequently, a linearization theory has been constructed axiomatically that implies (necessarily 
and sufficiently) any homogeneous equation of degree r > 2 over the integral domain TL. should be 
linearized (and parameterized simultaneously), and then its solution be investigated systematically via its 
equivalent linearized-parameterized formolation (representing as a certain type of system of linear 
homogeneous equations). In Sections 2-2 and 2-4, by this axiomatic approach a class of homogeneous 
quadratic equations (in various numbers of variables) over TL has been considered explicitly 

2-1. The basic properties of the integral domain TL with binary operations (+ , x) are represented as 


follows, respectively [5] ( a t ,a-,a k ,... £ TLy. 

- Closure: a k +a l <eTL , a k xa, eZ (10) 

-Associativity: a k + (a, + a p ) = (a k + a , ) + a p , a k x(a l xa p ) = (a k xa l )xa p (11) 

- Commutativity: a k +a l —a l +a k , a k x a, — a t x a k (12) 

- Existence of identity elements: Cl k + 0 = Cl k , a k x 1 = a k (13) 

- Existence of inverse element (for operator of addition): 

a k +(-a k ) = 0 (14) 


10 



- Distributivity: a k x (a, + a ) = (a k x a,) + (a k x a ), (a k +a l )xa p =(a k xa p ) + (a,xa p ) (15) 

- No zero divisors (as a logical bi-conditional for operator of multiplication): 

a k - 0 <=> (a k x a, - 0, a,* 0) (16) 

Axiom (16), equivalently, could be also expressed as follows, 

(a k -Ova, =0) <=>a k xa, =0 (16-1) 

In this article as a new basic algebraic property of the domain of integers, we present the following 
new axiomatic generalization of the ordinary axiom of “no zero divisors” (16), which particularly has 
been formulated on the basis of matrix formalism of Clifford algebras (associated with homogeneous 
polynomials of degree r > 2, over the integral domain 7L)\ 

“ Let A = [a u J be a n x n matrix with entries expressed by the following linear homogeneous 
polynomials in s variables over the integral domain TL\ a tJ = a ij (b l ,b 2 ,b 3 ,...,b s ) = '^ J H jjk b k ’, suppose 

h = 1 

also “3 r eN: A' = F(b l ,b 2 ,b 3 ,...,b s )I n ”, where F(b v b 2 ,b 3 ,...,b s ) is a homogeneous polynomial of 
degree r > 2, and I n is n x n identity matrix. Then the following axiom is assumed (as a new 
axiomatic generalization of the ordinary axiom of “no zero divisors” of integral domain 7L)\ 

(A r =0)o(AxM =0, M *0) (17) 

where M is a non-zero arbitrary hxI column matrix”. 

The axiomatic relation (17) is a logical biconditional, where (A r =0) and (AxM =0, M ^ 0) are 
respectively the antecedent and consequent of this biconditional. In addition, based on the initial 
assumption 3reN: A r — F{b x ,F,b 3 ,...,b^)I n , the axiomatic biconditional (17) could be also 
represented as follows: 

[F(b l ,b 2 ,b 3 ,...,b s ) = 0\o(AxM = 0, M* 0) (17-1) 

where the homogeneous equation F(b { ,b 2 ,b 3 ,...,b^) = Q, and system of linear equations 

(AxM =0, M 7^0) are respectively the antecedent and consequent of biconditional (17-1). The 
axiomatic biconditional (17-1), defines a system of linear equations of the type AxM = 0 (M # 0) , 
as the algebraic equivalent representation of r"' degree homogeneous equation F(b l ,b 2 ,b 3 ,...,b s ) = 0 

(over the integral domain 7L). The axiom (17) (or (17-1)) for n = 1, is equivalent to the ordinary 
axiom of “no zero divisors” (16). In fact, the axiom (16), as a particular case, can be obtained from 
the axiom (17) (or (17-1), but not vice versa. 

Moreover, according to the Ref. [6], since F(& p £q,£> 3 ,...,£> s ) = 0 is a homogeneous equation over TL , it 

is also concluded that homogeneous equations defined over the field of rational numbers Q, obey the 
axiomatic relations (17) and (17-1) as well. 


11 



As a crucial additional issue concerning the axiom (17), it should be noted that the condition 
“3 r eM: A' — n ” which is assumed initially in the axiom (17), is also compatible 

with matrix representation of the generalized Clifford algebras [Refs. 40 - 47] associated with the 

th 

r degree homogeneous polynomials F(&,,^ 2 ,^ 3 ,...,^ s ) . In fact, we may represent uniquely the square 
matrix A (with assumed properties in the axiom (17)) by this homogeneous linear form: 

s 

A = '^b k E k , then the relation: A' - F(b^b 2 ,b k ,...,b s )I n implies that the square matrices E k (which 

k = 1 

their entries are independent from the variables b k ) would be generators of the corresponding 

th 

generalized Clifford algebra associated with the r degree homogeneous polynomial 
F(b l ,b 2 ,b‘ i ,...,b s ') . However, in some particular cases and applications, we may also assume some 
additional conditions for the generators E k , such as the Hermiticity or anti-Hermiticity (see Sections 

2-2, 2-4 and 3-1). In Sec. 3, we use these algebraic properties of the square matrix A (corresponding 
with the homogeneous quadratic equations), where we present explicitly the main applications of the 
axiomatic relations (17) and (17-1) in foundations of physics (where we also use the basic 
assumptions (2) and (3) mentioned in Sec. 1-1). 

It is noteworthy that since the axiom (17) has been formulated solely in terms of square matrices, in 
Ref. (76] we have shown that all the ordinary algebraic axioms (10) - (15) of integral domain TL 
(except the axiom of “no zero divisors” (16)), in addition to the new axiom (17), could be also 
reformulated uniformly in terms of the set of square matrices. Hence, we may conclude that the 
square matrices, logically, are the most elemental algebraic objects for representing the basic 
properties of set of integers (as the most fundamental set of mathematics). 

In the following, based on the axiomatic relation (17-1), we’ve constructed a corresponding basic 
algebraic linearization (including a parameterization procedure) approach applicable to the all classes 
of homogeneous equation. Hence, it could be also shown that for any given homogeneous equation 
of degree r > 2 over the ring TL (or field Q), a square matrix A exists that obeys the relation (17-1). 
In this regard, for various classes of homogeneous equations, their equivalent systems of linear 
equations would be derived systematically. As a particular crucial case, in Sections 2-2 and 2-4, by 
derivation of the systems of linear equations equivalent to a class of quadratic homogeneous 
equations (in various number of unknown variables) over the integral domain TL (or field Q), these 
equations have been analyzed (and solved) thoroughly by this axiomatic approach. In the following, 
the basic schemes of this axiomatic linearization-parameterization approach are described. 

First, it should be noted that since the entries a tj of square matrix A are linear homogeneous forms 

s 

expressed in terms of the integral variables b p , i.e. a xj = y H jik b k , we may also represent the square 

k = 1 

matrix A by this linear matrix form: A = ^ b k E k , then (as noted above) the relation: 

k = 1 

A 1 — F(b\ , b 2 ,b 3 ,..., b s )I n implies that the square matrices^, (which their entries are independent 
from the variables b k ) would be generators of the corresponding generalized Clifford algebra 
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th 

associated with the r degree homogeneous polynomial F(b l ,b 2 .b li ,....b s ) 1 43 - 47]. However, for 

th 

some particular cases of the r degree homogeneous forms F(b v b 2 ,b 3 ,...,b s ) (for r > 2, such as the 
standard quadratic forms defined in the quadratic equation (18) in Sec. 2-2), without any restriction 

s 

in the existence and procedure of derivation of their corresponding square matrices A = ^ b k E k (with 

k=\ 

the algebraic properties assuming in axiom (17)) obeying the Clifford algebraic relation: 
A ' = F(b t , b 2 ,b 3 ,..., b s )I n , we may also assume certain additional conditions for the matrix 
generators E k , such as the Hermiticity (or anti-Hermiticity), and so on (see Sections 2-2, 2-4 and 3- 
1). In fact, these conditions could be required, for example, if a homogeneous invariant relation (of 
physics) be represented by a homogeneous algebraic equation of the type: F(b ] ,b 2 ,b 3 ,...,b s ) = 0, with 

the algebraic properties as assumed in the axiom (17), where the variables b k denote the components 

of corresponding physical quantity (such as the relativistic energy-momentum, as it has been 
assumed in Sec. 3-1 of this article based on the basic assumption (2) noted in Sections 1-1 and 3-1). 

In Sec. 2-2, as one of the main applications of the axiomatic relations (17) and (17-1), we derive a unique 
set the square matrices A nxn (by assuming a minimum value for n , i.e. the size of the corresponding 

S 

matrix A nxn ) corresponding to the quadratic homogeneous equations of the type: IX/; =0, for 

;=0 

S= 0,1, 2, 3,4,.., respectively. Subsequently, in Sec. 2-4, by solving the corresponding systems of linear 
equations AxM — 0 , we obtain the general parametric solutions of quadratic homogeneous equations 

S 

^ejfj =0, for S= 0,1, 2, 3,4,.., respectively. In addition, in Sec. 2-3 using this systematic axiomatic 

/=o 

approach, for some particular forms of homogeneous equations of degrees 3, 4 and 5 , their equivalent 

systems of linear equations have been derived as well. It is noteworthy that using this general axiomatic 

th 

approach (on the basis of the logical biconditional relations (17) and (17-1)), for any given T degree 
homogeneous equation in S unknown variables over the integral domain over TL, its equivalent system(s) 
of linear equations AxM =0 is derivable (with a unique size, if in the course of the derivation, we also 
assume a minimum value for n , i.e. the size of corresponding square matrix A n/n ). Furthermore, for a 
given homogeneous equation of degree r in S unknown variables, the minimum value for n , i.e. the size 
of the corresponding square matrix A nxn in its equivalent matrix equation: AxM — 0, is: 

n mn ~ 1 x >' for r = 2 , and n min = r x r for r > 2 . For additional detail concerning the general 
methodology of the derivation of square matrix A nxn and the matrix equation: AxM —0 equivalent to a 

given homogeneous equation of degree r in S unknown variables, on the basis of the axiomatic relations 
(17) and (17-1), see also the preprint versions of this article in Refs. [76]. 

2-2. In this section, on the basis of axiomatic relation (17-1) and general methodological notes 
(mentioned above), for the following general form of homogeneous quadratic equations their equivalent 
systems of linear equations are derived (uniquely): 
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( 18 ) 


Qteo’fo ’-’ e s’fs) = Ys e ifi ={d 

1=0 

Equation (18) for 5 = 0,1, 2, 3,4,.. is represented by, respectively: 


Yfifi = e ofo = 0 , 

I 1=0 

Yj e i f i =e 0 fo + e 1 f l =0, 

2 ,=0 

Yj e if> = e ofo + g l/l + e 2fl = 0, 

3 

S e 'fi = e ofo + e ifl + e ifl + e Ji = O’ 

4 !=0 

Yj e if< = e °fo + e i/i + ^2/2 + £3/3 + ^ = 0. 


(19) 

( 20 ) 
( 21 ) 
( 22 ) 
(23) 


;=o 


It is necessary to note that quadratic equation ( 1 8) is isomorphic to the following ordinary representations 
of homogeneous quadratic equations: 


H G u c i c .i = 0 ’ 

1 , 7=0 

i G ij c i c j = ±wj ’ 

1 , 7=0 1 , 7=0 


(18-1) 

(18-2) 


using the linear transformations: 


^0 


G 00 

G01 

g 02 . 

• • G o ; 

1 

0 

+ 

0 

0 

1 


7 0 " 


1 

0 

0 

1 

fc- 

0 

1 

G 


G 10 

G„ 

g 12 . 

• • G ls 

C, +fifj 


A 


c, - d x 

G 

= 

g 20 

G 21 

g 22 . 

• • g 2s 

c 2 +d 2 

5 

A 

= 

c, - d 2 

e,\ 


G s0 

Gj| 

G s2 . 

■ ■ G ss. 

Ss +d s_ 


Js_ 


_ c s~ d s. 


(18-3) 


where [G (; ]is a symmetric and invertible square matrix, i.e.: G (/ = G (I and det[G ;; ] ^ 0, and the quadratic 


form ^ , in equation (18-1) could be obtained via transformations (18-3), only by taking d i — 0 . 

1 , 7=0 


2 - 2 - 1 . As it will be shown in Sec. 2-2-2, the reason for choosing equation (18) as the standard general 
form for representing the homogeneous quadratic equations (that could be also transformed to the 
ordinary representations of homogeneous quadratic equations (18-1) and (18-2), by linear transformations 
(18-3)) is not only its very simple algebraic structure, but also the simple linear homogeneous forms of 
the entries of square matrices A (expressed in terms of variables e j , f] ) in the corresponding systems of 

linear equations AxM= 0 obtained as the equivalent form of quadratic equation (18) in various 
number of unknown variables. 
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Moreover, as it is shown in the following, we may also assume certain Hermiticity and anti-Hermiticity 
conditions for the deriving square matrices A (in the corresponding systems of linear equations 
A x M = 0 equivalent to the quadratic equation (18)), without any restriction in the existence and 
procedure of derivation of these matrices. By adding these particular conditions, for a specific number of 
variables in equation (18), its equivalent matrix equation AxM =0 could be determined uniquely. In 
Sec. 3, where we use the algebraic results obtained in Sections 2-2 and 2-4 on the basis of axiomatic 
relations (17) and (17-1), in fact, the assumption of these Hermiticity and anti-Hermiticity properties is a 
necessary issue. These Hermiticity and anti-Hermiticity additional conditions are defined as follows: 

“ First, by supposing: e 0 = f 0 and e ; = —f t (for i — 1,2,..., s), the quadratic equation (18) would be 

.S 

represented as: e\ — =0, and consequently the corresponding square matrix A in the deriving 

1=1 

system of linear equations AxM = 0 (which equivalently represent the quadratic equation (18), based on 
the axiomatic relation (17-1)) could be also expressed by the homogeneous linear matrix form: 

s 

A = /e i E i , where the real matrices E { are generators of the corresponding Clifford algebra associated 

/=o 

2 v ^ 2 

with the standard quadratic form — > e i . 

i = 1 

Now for defining the relevant Hermiticity and anti-Hermiticity conditions, we assume that any square 
matrix A in the deriving matrix equation: AxM = 0 (as the equivalent representation of quadratic 
equation (18)), should also has this additional property that by supposing: e 0 = f 0 and e i = — _/) by 

S 

which the square matrix A could be represented as: A = '^e j E j , the matrix generator E 0 be Hermitian: 

i=0 

E 0 =E* 0 , and matrix generators E i (for i = 1,2, ...,.s) be anti-Hcrmitian: E j =—E* 


2 - 2 - 2 . As noted and would be also shown below, by assuming the above additional Hermiticity and 
anti-Hermiticity conditions, the system of linear equations A x M = 0 corresponding to quadratic 
equation (18), is determined uniquely for any specific number of variables e i ,f i . Hence, starting from 

the simplest (or trivial) case of quadratic equation (18), i.e. equation (19), its equivalent system of linear 
equations is given uniquely as follows: 


AxM 


" 0 

^0 

m ] 

fo 

0 

m 2 


(24) 


where it is assumed M A 0 , and in agreement with (17-1) we also have: 


A 2 = 

' 0 

e o 

X 

0 e 0 


Jo 

0 _ 


1 

o 

1 


(eofo)I 2 


(24-1) 


For equation (20), the corresponding equivalent system of linear equations is determined as: 
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AxM = 


where we have: 


M = 


M" 

M' 


* 0, A 2 = 






“ 0 


0 

e o 

A " 

m l 

" 0 

A r 



0 


0 


~fo 

m 2 

A" 
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M' 


fo 

/l 

0 

0 
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L^i 


— e o 
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0 

m 

“ 0 

0 

e o 



"0 

0 

e o 

A " 

0 
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fo 

v 

0 

0 
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-fo 

fo 

/, 

0 

0 

A 

fo 

A 

0 

0 


— e o 

0 

0 


Jl 

— e o 

0 

0 


= 0 


(25) 


= (^o/o+‘ 7 l/l) / 4 


(25-1) 


Notice that matrix equation (25) could be represented by two matrix equations, as follows: 


A'xM' = 

A" x M" = 


^0 

A " 

m 3 


~fo. 

m 

1 

A " 

m , 

_ e l 

~ e 0_ 

m 2 


= 0, 


= 0 


(25-2) 

(25-3) 


The matrix equations (25-2) and (25-3) are equivalent (due to the assumption of arbitrariness of 
parameters m, , m 2 , m 3 , m ), so we may choose the matrix equation (25-2) as the system of linear 
equations equivalent to the quadratic equation (20) - where for simplicity in the indices of parameters m i , 


we may simply replace arbitrary parameter m 3 with arbitrary parameter m l , as follows (for 


m l 

m 


i 

o 

A ' 

m [ 

_ e l 

1 

i 

m 


= 0 . 


The system of linear equations corresponding to the quadratic equation (21) is obtained as: 


* 0 ) : 

(26) 


AxM = 
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0 

-A 

-A 
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0 

m 3 

0 

A! 
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0 

0 

0 

0 
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-e 2 

0 

-/o 

m 4 

A" 

0 

M' 


/«, 

0 

— e 2 

A 

0 

0 

0 

0 

m 5 





0 

fo 

~ e i 

-A 

0 

0 

0 

0 

m 6 





-A 

-A 

~e 0 

0 

0 

0 

0 

0 

m 7 





_ e i 

-e 2 
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0 

0 

0 

0 

m 


(27) 


= 0, 


where in agreement with (17) we have: 
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0 

-«2 

A 

0 

0 

0 

0 

0 

fo 

-e. 

-A 

0 

0 

0 

0 


0 

fo 

-e. 

-A 

0 

0 

0 

0 

-A 

-A 

~ e o 

0 

0 

0 

0 

0 


-A 

-A 

-«o 

0 

0 

0 

0 

0 

_ e i 

- e 2 

0 

~ e o 

0 

0 

0 

0 


_ e l 

-e 2 

0 

-«o 

0 

0 

0 

0 


= ( 27 - 1 ) 


- ( e ofo e ifl 2 )^8 
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In addition, similar to equation (25), the obtained matrix equation (27) is equivalent to a system of two 
matrix equations, as follows: 




V 


^0 

0 

~«2 

fi ' 

m 5 

0 

^0 

~ e i 

Si 

m 6 

-A 

-fl 

-fo 

0 

m 1 

_ 

~ e 2 

0 

~fo_ 

m 


~ fo 

0 

~e 2 

fi " 

/77j 

0 

fo 

~ e i 

Si 

m 2 

Si 

Si 

~e 0 

0 

m 3 

_ 

~e 2 

0 

-^o_ 

m 4 _ 


(27-2) 


(27-3) 


The matrix equations (27-2) and (27-3) are equivalent (due to the assumption of arbitrariness of 
parameters m,,m 2 ,...,m 7 ,m), so we may choose the equation (27-2) as the system of linear equations 

corresponding to the quadratic equation (21) - where for simplicity in the indices of parameters m i , we 
may simply replace the arbitrary parameters m 5 , m 6 , m 1 with parameters m, , m 2 , m 3 , as follows: 


^0 

0 

~e 2 

fl " 



777, 

0 

e o 

~ e \ 

-fl 

m 2 

= 0, 

7 77 2 

-fl 

-f 

-fo 

0 

m 3 

777 3 

_ 

-e 2 

0 

-fo. 

m 


777 


* 0 . 


(28) 


Similarly, for the quadratic equations (22) the corresponding system of linear equations is obtained 
uniquely as follows: 


^0 

0 

0 

0 

0 

~ e 3 

^2 

fl " 

777 , 

0 

e o 

0 

0 

e 3 

0 

~ e l 

A 

m 2 

0 

0 

^0 

0 

~e 2 


0 

A 

m 3 

0 

0 

0 

e o 

-f 

-fl 

-fl 

0 

777 4 

0 

f 3 

-fl 

-«1 

-fo 

0 

0 

0 

777 5 

-h 

0 

fl 

~ e 2 

0 

-fo 

0 

0 

777 6 

fl 

-fl 

0 


0 

0 

-fo 

0 

777 7 

_ 

e 2 

e 3 

0 

0 

0 

0 

-A_ 

777 


where the column parametric matrix M in (29) is non-zero M ^ 0 . 

In a similar manner, the uniquely obtained system of linear equations corresponding to the quadratic 
equation (23), is given by: 
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^0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

-«4 

0 

~ e 3 

-«2 

fl " 


0 

e o 

0 

0 

0 

0 

0 

0 

0 

0 

<4 

0 

^3 

0 


-fl 

m 2 

0 

0 

^0 

0 

0 

0 

0 

0 

0 

~ e A 

0 

0 

e 2 


0 

fl 

m 3 

0 

0 

0 

e o 

0 

0 

0 

0 

^4 

0 

0 

0 

-fl 

fl 

-fl 

0 

m A 

0 

0 

0 

0 

^0 

0 

0 

0 

0 

_ e 3 

— e 2 

~ e l 

0 

0 

0 

f A 

m 5 

0 

0 

0 

0 

0 

e o 

0 

0 

^3 

0 

fl 

-fl 

0 

0 

Sa 

0 

m 6 

0 

0 

0 

0 

0 

0 

^0 

0 

^2 

-fl 

0 

fl 

0 

f A 

0 

0 

m 1 

0 

0 

0 

0 

0 

0 

0 

e o 

e l 

fl 

-fl 

0 

f 4 

0 

0 

0 

m H 

0 

0 

0 

Sa 

0 

u 

h 

fl 

-fo 

0 

0 

0 

0 

0 

0 

0 

m 9 

0 

0 

-Sa 

0 

-h 

0 

~ e x 

e 2 

0 

-fo 

0 

0 

0 

0 

0 

0 

"ho 

0 

Sa 

0 

0 

-fl 


0 

~ e 3 

0 

0 

-fo 

0 

0 

0 

0 

0 

"hi 

-Sa 

0 

0 

0 

-fl 

^2 

^3 

0 

0 

0 

0 

-fo 

0 

0 

0 

0 

"hi 

0 

f 3 

fl 

-«1 

0 

0 

0 

^4 

0 

0 

0 

0 

-fo 

0 

0 

0 

"hi 

-fl 

0 

fl 

^2 

0 

0 

-«4 

0 

0 

0 

0 

0 

0 

-fo 

0 

0 

m i4 

-Si 

-fl 

0 

-*3 

0 

^4 

0 

0 

0 

0 

0 

0 

0 

0 

-fo 

0 

"hi 

_ 

_ e 2 

^3 

0 

-«4 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

-fo. 

m 


where we’ve assumed the parametric column matrix M in (30) is non-zero, M ^ 0 . 


(30) 


In a similar manner, the systems of linear equations (written in matrix forms similar to the matrix 
equations (24), (26), (28), (29) and (30)) with larger sizes are obtained for the quadratic equation (18) in 
more variables (i.e. for S = 6,7,8,...), where the size of the square matrices of the corresponding matrix 

equations is 2' x 2 s (which could be reduced to 2 s 1 x 2' 1 for s > 2 ). In general (as it has been also 
mentioned in Sec. 2-1), the size of the n x n square matrices A (with the minimum value for n ) in the 
matrix equations AxM =0 corresponding to the homogeneous polynomials F(Z?,,Zz,,Z? 3 ,...,Z? s ) of 

degree r defined in axiom (17) is r s x r s (which for r = 2 this size, in particular, could be reduced to 

2 s x 2 ,v 1 ). Moreover, based on the axiom (17), in fact, by solving the obtained system of linear 
equations corresponding to a homogeneous equation of degree r , we may systematically show (and 
decide) whether this equation has the integral solution. 


2-3. Similar to the uniquely obtained systems of linear equations corresponding to the homogeneous 
quadratic equations (in Sec. 2-2), in this section in agreement with the axiom (17), we present the 
obtained systems of linear equations, i.e. AxM — 0 (by assuming the minimum value for n , i.e. the 
size of square matrix A nxn ), corresponding to some homogeneous equations of degrees 3, 4 and 5, 
respectively. For the homogeneous equation of degree three of the type: 

F(e 0 , / 0 ,<?i, f Y ,e 2 , f 2 ) = elf 0 - e 0 / 0 2 + e 2 f 2 - e 2 f{ + <?, /, g 1 = 0, (31) 


the corresponding system of linear equations is given as follows: 
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AxM = 


0 0 A, 

A, 0 0 

0 A, 0 



where A is a 27x27 square matrix written in terms of the square 9x9 matrices A p A 2 and A 3 , given by: 


-e 2 +f 2 


0 


0 


0 

0 

0 

e o + fo 

*1 

0 

- e 

2 + 

A 

0 


0 

0 

0 

0 


0 


0 


-e 2 + /: 

2 0 

0 

0 

A 

0 

~fo 


*1 


0 


^2 

0 

0 

0 

0 

0 

- e 

0 + 

fo 

Si 


0 

e 2 

0 

0 

0 

A 


0 


^0 


0 

0 

e 2 

0 

0 

0 


0 


0 


e o 

*1 

0 

-A 

0 

0 


0 


0 


0 

-fo 

S, 

0 

-A 

0 


0 


0 


A 

0 - 

'■K 

+ 
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0 

0 

-A 

0 


0 


0 


0 

0 

+ 

0 

1 

*1 

0 

-A 


0 


0 


0 

0 

0 

e o 

0 

0 


-A 


0 


0 

0 

A 

0 

-fo 

e l 


0 

- e 

2 + 

A 

0 

0 

0 

0 

0 - 

< 

+ 

© 

Si 


0 


< 

+ 

<N 

i 

0 

0 

0 

A 

0 


e 0 


0 


0 

-e 2 +f 2 

0 

0 

0 

0 


0 


^0 


*1 

0 

e 2 

0 

0 

0 


0 


0 


-fo 

Si 

0 

^2 

0 

0 


0 


A 


0 

1 

TO 

o 

+ 

0 

0 

e 2 

0 


0 

0 


0 

0 

< 

+ 

0 

1 



0 

*>2 


0 

0 


0 

0 

0 

^0 


0 

0 


e 2 

0 


0 

0 

A 

0 


-/o 

«1 


0 

-A 


0 

0 

0 

0 


0 - 

< 

+ 

o 

Si 

0 

- 

-A 

0 

0 

0 


A 

0 


^0 

0 


0 

-A 

0 

0 


0 

0 


0 

^0 


«1 

0 

< 

+ 

cs 

1 

0 


0 

0 


0 

0 

- 

-A 

Si 

0 

-e 2 +f 2 


0 

0 


0 

A 


0 

■< 

+ 

© 

1 

0 

0 

- 


0 0 

0 0 

0 0 

e, 0 


0 

Si 

-/o 

0 

0 

0 

0 

0 

-e 2 +f 2 


The uniquely obtained system of linear equations (i.e. Ax M — 0 , by assuming the minimum size for the 
square matrix A nxn ) corresponding to the well-known homogeneous equation of degree three: 

F(a,b,c) = 2(a 3 -c 3 + Bb 3 ) = 0 (34) 
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has the following form (in compatible with the new axiom (17)): 







AxM = 

" 0 
A 2 

0 

0 

A" 

0 

m 2 


o, 






(35) 









0 

a 3 

0 

_ m 21 _ 










where A 

is a 27x27 square matrix written in 

terms of the 9x9 matrices A x , A 2 and A 3 given by: 




-a 

0 

0 

0 

0 

0 

-2 c 

b 

0 



2 a 

0 

0 

0 

0 

0 

-2 c 

b 

0 


0 

-a 

0 

0 

0 

0 

0 

c 

2b 



0 

2 a 

0 

0 

0 

0 

0 

c 

2b 


0 

0 

-a 

0 

0 

0 

b 

0 

c 



0 

0 

2 a 

0 

0 

0 

b 

0 

c 


c 

b 

0 

-a 

0 

0 

0 

0 

0 



C 


b 

0 

-a 

0 

0 

0 

0 

0 

A = 

0 

-2c 

2b 

0 

-a 

0 

0 

0 

0 

, A 2 

= 

0 

-2c 

2b 

0 

-a 

0 

0 

0 

0 


b 

0 

c 

0 

0 

-a 

0 

0 

0 



t 

) 

0 

c 

0 

0 

-a 

0 

0 

0 


0 

0 

0 

c 

b 

0 

2 a 

0 

0 



0 

0 

0 

c 

b 

0 

-a 

0 

0 


0 

0 

0 

0 

c 

2b 

0 

2 a 

0 



0 

0 

0 

0 

c 

2b 

0 

-a 

0 


0 

0 

0 

b 

0 

-2c 

0 

0 

2 a 



0 

0 

0 

b 

0 

-2c 

0 

0 

-a 


-a 

0 

0 

0 

0 

0 

-2c 

b 

0 














0 

-a 

0 

0 

0 

0 

0 

c 

2b 














0 

0 

-a 

0 

0 

0 

b 

0 

c 














c 

b 

0 

2a 

0 

0 

0 

0 

0 











(36) 


A = 

0 

-2 c 

2b 

0 

2a 

0 

0 

0 

0 













b 

0 

c 

0 

0 

2 a 

0 

0 

0 














0 

0 

0 

c 

b 

0 

-a 

0 

0 














0 

0 

0 

0 

c 

2b 

0 

-a 

0 














0 

0 

0 

b 

0 

-2c 

0 

0 

-a 














For the 4 th degree homogeneous equation of the type: 

F(e v e 2 , f v f 2 ,f 3 ,f 4 ) = -e x e\ + e\e 2 + J\ f 2 f 3 f 4 = 0 


(37) 


the corresponding system of linear equations is given as, 



0 

0 

0 

A" 

m l 


-A, 

0 

0 

0 

m 0 

AxM = 

Z 

0 

A 

0 

0 

Z 


0 

0 

A 

0 

m 16 _ 


where A is a 16x16 square matrix represented in terms of the 4x4 matrices A l ,A 2 ,A 3 ,A 4 : 


(38) 
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ej + e 2 0 

0 

4 


- e 2 

0 0 

4 

“4 e \ 

0 

0 

, An = 

4 

e i + 0 

0 

0 / 3 

~ e l + e 2 

0 

’ 2 

0 

_ 4 e \ 

0 

0 0 

4 

~ e 2 


0 

0 4 - 

-e x + e 2 

~ e l + e 2 

0 

0 

4 


e i 

0 0 

"4 

4 

~ e 2 

0 

0 

, A a = 

4 

-Cj + e 2 0 

0 

0 

4 e i + e 2 

0 

5 4 

0 

4 ~ e 2 

0 

0 

0 -4 

e i 


0 

0 4 

e l + e 2 


In addition, the system of linear equations corresponding to 5 th degree homogeneous equation of the type, 


F(e l ,e 2 , f Y , f 2 , f 3 , f 4 , f 5 ) 


e \ 


3 2 

e x e 2 


e \ e 2 e \ 


(40) 


is determined as: 


AxM 


' 0 

0 

0 

0 

V 

m x 

a 2 

0 

0 

0 

0 

m 2 

0 

a 3 

0 

0 

0 


0 

0 


0 

0 


0 

0 

0 


0 

_ m 25_ 


(41) 


where A is a 25x25 square matrix expressed in terms of the following 5x5 matrices A x , A 2 , A 3 , A 4 , A 5 : 


e l ~ e 2 

0 0 

0 

4 


~ e l - 

e 2 0 

0 0 

4 


~ e l + e 2 

0 

0 

0 4 

4 

e x 0 

0 

0 


4 

e l ~ e 2 

0 0 

0 


4 

-Cl - 

e 2 0 

0 0 

0 

4 e 2 

0 

0 

, a 2 

0 

4 

gj 0 

0 

, a 3 

0 

4 

e \ ~ e 2 

0 0 

0 

0 4 

~ e l 4" e 2 

0 


0 

0 

4 e 2 

0 


0 

0 

4 

e x 0 

0 

0 0 

4 

i 

i 


0 

0 

0 4 

~ e l + e 2 


0 

0 

0 

4 e 2 


e 2 

0 

0 

0 

4 


gj 0 

0 

0 

4 

4 

~ e l + e 2 

0 

0 

0 


4 e 2 

0 

0 

0 

0 

4 

~ e l - 

e 2 0 

0 

II 

o / 3 

~ e l e 2 

0 

0 

0 

0 

4 

e\~ e 2 

0 


0 0 

4 

1 

1 

0 

0 

0 

0 

4 

e l 


0 0 

0 

4 

e l _ e 2 


2-4. In this Section by solving the derived systems of linear equations (26), (28), (29) and (30) 
corresponding to the quadratic homogeneous equations (20) - (23) in Sec. 2-2, the general parametric 
solutions of these equations are obtained for unknowns e { and f] . There are the standard methods for 
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obtaining the general solutions of the systems of homogeneous linear equations in integers [7, 8]. Using 
these methods, for the system of linear equations (26) (and consequently, its corresponding quadratic 
equation (20)) we get directly the following general parametric solutions for unknowns e 0 , e t and f 0 , /, : 

e 0 =lk 0 m, f 0 =lk 1 m l , e 1 =lk 1 m, f l =-lk 0 m l (43) 

where k 0 ,k t are arbitrary parameters. In the matrix representation the general parametric 

solution (43) has the following form: 


e,. 


“1 0“ 

k,. 


r/ 0 i 


0 m. 

k,. 

U 

-IM K - Im 


U 



-IM f K -l 

i 

U 


e 

0 1 

_ A 'i_ 



J 

- 0 

_ A i. 


(43-1) 


where M e = ml 2 , K is a column parametric matrix and M ( is also a parametric anti-symmetric matrix. 

For the system of linear equations (28) (and, consequently, for its corresponding quadratic homogeneous 
equation (21)), the following general parametric solution is obtained directly: 


e 0 =lk 0 m, f 0 =l(k l m l -k 2 m 2 ), e l =lk l m, f l =l(k 2 m 3 -k 0 m l ), e 2 =lk 2 m, f 2 =l(k 0 m 2 -k l m 3 ) (44) 


where fc 0 ,fc 1 ,fc 2 ,m 1 ,m 2 ,m 3 ,m,/ are arbitrary parameters. In matrix representation the general parametric 
solution (44) could be also written as follows: 


e o 


“1 

0 

0" 

k Q 


7 0 " 


«i 

= lM e K = lm 

0 

1 

0 

K 


/, 

= lM f K = l 

. g 2_ 


0 

0 

1 

_k 2 J 


J 2 _ 



0 


- in, 


m , 


in, 


in, 


-m 0 


in. 


(44-1) 


where M e = ml 3 , K is a column parametric matrix and M f is also a parametric anti-symmetric matrix. 


In addition, it could be simply shown that by adding two particular solutions of the types {e i ,f i }and 
{e',f i } of homogeneous quadratic equation (18), the new solution {e t + e\, /’ } is also obtained, as 
follows: 

£>,/, = °’ !>'/, = 0 ) => + «;/,) = 0 ^ I>, + e\)f = 0 (44-2) 

i = 0 t — 0 /— 0 i =0 

Using the general basic property (44-2) in addition to the general parametric solution (44) of quadratic 
equation (21) (which has been obtained directly from the system of linear equations (28) corresponding to 
quadratic equation (21)), exceptionally, the following equivalent general parametric solution is also 
obtained for quadratic equation (21): 

e 0 —I(k Q m — km 3 ), f 0 =l(k 1 m l —k 2 m 2 ), e l =l(k 1 m — km 2 ), 

/j —l(k 2 m 3 — k 0 ;77j), e 2 =l(k 2 m — km l ), f 2 —l(k Q m 2 —k x m 3 ) 

where k Q , k l , k 2 , k , m, , m 2 , m 3 , m, / are arbitrary parameters. 

Moreover, the parametric solution (45) by the direct bijective replacements of six unknown variables 
( e i , ft ) (where i = 0,1,2) with the six new variables of the type h , given by: 
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e 0 -» /* 23 » ^^ 20 > e i^\v fo~*\o> —*ho 3 ’ * n addition to the replacements of nine 

arbitrary parameters u 0 ,u l ,u 2 ,u 3 ,v 0 ,v l ,v 2 ,v 3 ,w, with new nine parameters of the types «„,//, , ll 2 , u 3 , 
v 0 ,v 1 ,v 2 ,v 3 ,w, given as: k Q — »u 3 ,k 3 — »m 0 , k 2 — >w,, »u 2 , k — >u 2 , m l — »v 3 , m 2 — >v 0 , m 3 — >v 3 , 

m — > v 2 , l —>w, exceptionally, could be also represented as follows: 


h 23 = w(u 3 v 2 - u 2 v 3 ), h lQ = w(u Q \\-u l v a ), h 20 = w(u 0 v 2 — w 2 v 0 ), 
/? 3I = w(m,v 3 —u 3 v j), /r 2l = w(tqv 2 — u 2 v{), h 03 = w(u 3 v 0 -u Q v 3 ); 

where it could be expressed by a single uniform formula as well (for fi, v = 0,1, 2, 3): 

h = w(u v —u v ) 

fiv V V /u n v / 


(45-1) 


(45-2) 


A crucial and important issue concerning the algebraic representation (45-2) (as the differences of 
products of two parametric variables U u and v’ r ) for the general parametric solution (45), is that it 

generates a symmetric algebra Sym(V) on the vector space V, where (u ,v v )eV [11], This essential 

property of the form (45-2) would be used for various purposes in the following and also in Sec. 3 (where 
we show the applications of this axiomatic linearization-parameterization approach and the results 
obtained in this Section and Sec. 2-4, in foundations of physics). 

In addition, as it is also shown in the following, it should be mentioned again that the algebraic form 
(45-2) (representing the symmetric algebra Sym(T)), exceptionally, is determined solely from the 
parametric solution (44-1) (obtained from the system of equations (28)) by using the identity (44-2). In 
fact, from the parametric solutions obtained directly from the subsequent systems of linear equations, i.e. 
equations (29), (30) and so on (corresponding to the quadratic equations (22), (23),..., and subsequent 

equations, i.e. y e/ f t = 0 f° r s >3), the expanded parametric solutions of the type (45) (equivalent to 

;=o 

the algebraic form (45-2)) are not derived. 

In the following (also see Ref. [76]), we present the parametric solutions that are obtained directly from 
the systems of linear equations (29), (30) and so on, which also would be the parametric solutions of their 
corresponding quadratic equations (18) in various number of unknowns (on the basis of axiom (17)). 
Meanwhile, the following obtained parametric solutions for the systems of linear equations (29), (30) and 
so on, similar to the parametric solutions (43) and (44), include one parametric term for each of 
unknowns e t , and sum of s parametric terms for each of unknowns f] (where i — 0,1, 2, 3,...,. S' J. 


Hence, the following parametric solution is derived directly from the system of linear equations (29) (that 
would be also the solution of its corresponding quadratic equation (22)): 

e 0 — lk Q ??i, f 0 — /(/cpiij + k 2 m 2 + k 3 m 3 ), e, = Ik , m, /] = l(—k 0 m l + k 3 m 6 — k 2 m 7 ), 

„ , , „ , “ (46) 

e 2 = lk 2 m , f 2 = l(—k {) m 2 — k 3 m 5 + k l m 1 ), e 3 = lk 3 m , f 3 = l(—k 0 m 3 + k 2 m 5 — k { m 6 ). 

where k 0 ,k l ,k 2 ,k 3 ,l are arbitrary parameters. In the matrix representation, the parametric solution (46) 
is represented as follows: 
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(46-1) 


^0 


'1 

0 

0 

o' 

k 0 


7ol 


o 

m l 

m 2 

m 3 

k 0 

e l 


0 

1 

0 

0 

K 


/i 


-m, 

0 

— m, 

in. 

K 

1 

= IM K = Im 






= lM f K = l 

1 



t) 

^2 

e 

0 

0 

1 

0 

k 2 


h 

~m 2 

m 7 

0 

— m 5 

k 2 



0 

0 

0 

1 

k 3 


M 


— m 3 

~m 6 

m 5 

0 

k 3 


where M e = ml 4 , K is a column parametric matrix and M f is also a parametric anti-symmetric matrix. 

However, in solutions (46) or (46-1) the parameters m l ,m 2 ,m 3 ,m 4 ,m 5 ,m 6 ,m 7 ,mare not arbitrary, and in 

fact, in the course of obtaining the solution (46) from the system of linear equations (29), a condition 
appears for these parameters as follows: 

m 4 m + m,m 5 + m 2 m 6 + m 3 m 1 = 0 (47) 

The condition (47) is also a homogeneous quadratic equation that should be solved first, in order to obtain 
a general parametric solution for the system of linear equations (29). Since the parameter m 4 has not 
appeared in the solution (46), it could be assumed that m 4 = 0, and the condition (47) is reduced to the 
following homogeneous quadratic equation, which is equivalent to the quadratic equation (20) 
(corresponding to the system of linear equations (28)): 

m 4 =0, m l m 5 +m 2 m 6 + m 3 m 7 =0 , (47-1) 


where the parameter m would be arbitrary. The condition (47-1) is equivalent to the quadratic equation 
(21). Hence by using the general parametric solution (45-1) (as the most symmetric solution obtained for 
quadratic equation (21) by solving its corresponding system of linear equations (28)), the following 
general parametric solution for the condition (47-1) is obtained: 


m l = w(m 0 v 1 — MjV 0 ), m 2 = w(u 0 v 2 -u 2 v 0 ), m 3 = w(u 0 v 3 -u 3 v 0 ), 
m 5 = w(u 3 v 2 -u 2 v 3 ), m 6 = w(u 4 v 3 —u 3 v x ), m 1 = w(u 2 v l -u x v 2 ) 


(48) 


where u 0 ,u 1 ,u 2 ,u 3 ,v 0 ,v 1 ,v 2 ,v 3 ,w,m are arbitrary parameters. Now by replacing the solutions (48) 
(obtained for m l , m 2 , m 3 , m 5 , m 6 , m 1 in terms of the new parameters u 0 ,u l ,u 2 ,u 3 , v 0 ,v, ,v 2 ,v 3 ,w) in the 
relations (46), the general parametric solution of the system of linear equations (29) (and its 
corresponding quadratic equation (22)) is obtained in terms of the arbitrary parameters k 0 ,k l ,k 2 ,k 3 , 

U Q , tq , M 2 , ll 3 , Vq , Vj, v 2 , v 3 , w, t/t, / . 


For the system of linear equations (30) (and its corresponding quadratic equation (23)), the following 
parametric solution is obtained: 

e 0 =lk 0 m, f 0 =l(k l m l -k 2 m 2 +k 3 m 3 -k 4 m 5 ), e l =lk 4 m, j\ =l(-k 0 m 2 +k 4 m l2 + k 3 m l4 + k 2 m l5 ), 

e 2 = lk 2 m, f 2 =l(k 0 m 2 + k A m i l + k 3 m n - k 4 m l3 ), e 3 = lk 3 m, f 3 =l(-k 0 m 3 + k 4 m lQ - k 2 m n - k 4 m l4 ), (49) 

e 4 = lk 4 m, f 4 =l(k 0 m 5 - k 3 m l0 - k 2 m i , - k x m x2 ) 

wherek 0 ,k l ,k 2 ,k 3 ,k 4 ,l are arbitrary parameters. In the matrix representation the solution (49) could be 
also written as follows: 
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(49-1) 


e o 


'l 

0 

0 

0 

o' 

K 


7 0 " 


0 


— m 2 

m 3 

- m 5 

k 0 



0 

1 

0 

0 

0 

K 


h 


— m l 

0 

m ]5 

m l4 

m l2 

K 


= lM e K = bn 

0 

0 

1 

0 

0 

k 2 

9 

h 

= IM f K = l 

m 2 

~ m i5 

0 

m u 

m u 

k 2 

£>3 


0 

0 

0 

1 

0 

k 3 


f 3 


— m 3 

-/«14 

-/H, 3 

0 

m w 

k 3 

. g 4. 


0 

0 

0 

0 

1 

K_ 




m 5 

-in n 

-m n 

- m io 

0 

_K_ 


where M e = ml 5 , K is a column parametric matrix and M f is also a parametric anti-symmetric matrix. 


However, similar to the system of equations (29), in the course of obtaining the solutions (49) or (49-1) 
from the system of linear equations (30), the following conditions appear for parameters 
m l , m 2 , m 3 , m 5 , m 1 0 , m l v m n , m, 3 ,m l4 , m, 5 : 

m 4 m = —m l m 13 — m 2 m l4 — m 3 m l5 , 
m ( m = m l m ll + m 2 m 12 - m 5 m 15 , 

m 7 m = m l m l0 - m 3 m 12 - m 5 m l4 , (50) 

m s m = m 2 m 10 + m 3 m 1 , + m 5 m l3 , 
m 9 m = m 10 m l5 - m l l m l4 + m 12 m 13 . 


that is similar to the condition (47). Here also by the same approach, since the parameters 
m 4 ,m 6 ,m 7 ,m%,m 9 have not appeared in the solution (49), it could be assumed that 

m 4 — m 6 — in 7 — in H — m 9 — 0 , and the set of conditions (50) are reduced to the following system of 

homogeneous quadratic equations which are similar to the quadratic equation (20) (corresponding to the 
system of linear equations (28)): 


m 4 = m 6 = m 1 

= m 8 = 

= 0, 

n h m u) 

— m 3 m n 

- m 5 m 14 = 

0, 

m 1 m 1 , 

+ m 2 m 12 

— m 5 m l5 = 

0, 

m,m 13 

+ m 2 m 14 

+ m 3 m l5 = 

0, 

m 2 m io 

+ m 5 m 13 

+ m 3 m 1 j = 

0, 

m 10 m 15 + m l2 m l3 — m n m l4 

= 0; 


The conditions (50-1) are also similar to the quadratic equation (21). Hence using again the general 
parametric solution (45-1), the following general parametric solutions for the system of homogeneous 
quadratic equations (50-1) are obtained directly: 


m, = w(u Q v j - w | v () ) , m 2 = w(w 2 v 0 -u 0 v 2 ), 
m 3 = w(u 0 v 3 - u 3 v 0 ), m 4 = 0, 
m 5 = w(u 4 v 0 - u 0 v 4 ), m 6 = 0, 

m 7 = 0, m 8 = 0, m 9 = 0, (51) 

m l0 = w(u 3 v 4 -u 4 v 3 ), m n = w(u 2 v 4 -u 4 v 2 ), 
m 12 = w(WjV 4 - m 4 v, ), m 13 = w(u 2 v 3 - u 3 v 2 ), 
m l4 = w(u l v 3 - u 3 v j), m 15 = w(u l v 2 - u 2 \\). 
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where u 0 ,u l ,u 2 ,u 3 ,u 4 ,v 0 , v { ,v 2 ,v 3 ,v 4 and w are arbitrary parameters. Now by replacing the solution 
(51) (that have been obtained for n\,m 2 ,m 3 ,m 5 ,m l0 ,rn ll ,rn l2 ,m l3 ,m l4 ,m 15 in terms of the new 

parameters u 0 ,u l ,u 2 ,u 3 ,u 4 ,v 0 ,v l ,v 2 ,v 3 ,v 4 ,w) in the relations (49), the general parametric solution of 
the system of linear equations (30) (and its corresponding quadratic equation (23)) is obtained in terms of 
the arbitrary parameters k 0 ,k i ,k 2 ,k 3 ,k 4 ,u 0 ,u 1 ,u 2 ,u 3 ,u 4 ,v 0 ,v 1 ,v 2 ,v 3 ,v 4 ,w, m,l . 

Meanwhile, similar to the relations (48) and (51), it should be noted that arbitrary parameter m l in the 

general parametric solution (43) and arbitrary parameters m, , m 2 , m 3 in the general parametric solution 

(44) (which have been obtained as the solutions of quadratic equations (20) and (21), respectively, by 
solving their equivalent systems of linear equations (26) and (28)), by keeping their arbitrariness property, 

could particularly be expressed in terms of new arbitrary parameters u 0 , tq , v 0 , v { and u 0 ,u l ,u 2 ,v 0 ,v l ,v 2 , 
as follows, respectively: 

m, = w(u () v l - m,v 0 ); (43-2) 

m l = w(u 0 v, — iqv 0 ), m 2 = w(u 0 v 2 -u 2 v 0 ), m 3 = w(u 0 v 3 -u 3 v 0 ). (44-3) 

In fact, as a particular common algebraic property of both parametric relations (43-2) and (44-2), it could 
be shown directly that by choosing appropriate integer values for parameters u 0 ,u l ,v 0 , V, , w in the 

relation (43-2), the parameter m l (defined in terms of arbitrary parameters u 0 ,u l ,v 0 , v, , w) could take any 
given integer value, and similarly, by choosing appropriate integer values for parameters 
u 0 ,u l ,u 2 ,v 0 ,v l ,v 2 ,w in the relation (43-2), the parameters m, , m, , m 3 (defined in terms of arbitrary 

parameters u 0 ,u l ,u 2 ,v 0 ,v 1 ,v 2 ,w) could also take any given integer values. Therefore, using this common 
algebraic property of the parametric relations (43-2) and (44-2), the arbitrary parameter m l in general 
parametric solutions (43), and arbitrary parameters m 1 ,m 2 ,m 3 in general parametric solutions (44), could 
be equivalently replaced by new arbitrary parameters u 0 ,u l ,v 0 ,v l ,w and u 0 ,u l ,u 2 ,v 0 ,v l ,v 2 ,w , 

respectively. In addition, for the general quadratic homogeneous equation (18) with more number of 
unknowns, the general parametric solutions could be obtained by the same approaches used above for 
quadratic equations (20) - (23), i.e. by solving their corresponding systems of linear equations (defined on 
the basis of axiom (17)). Moreover, using the isomorphic transformations (18-3) and the above general 
parametric solutions obtained for quadratic equations (20) - (23),... (via solving their corresponding 
systems of linear equations (26), (28), (29), (30),...), the general parametric solutions of quadratic 
equations of the regular type (18-2) (in various number of unknown) are also obtained straightforwardly. 
All the parametric solutions that are obtained by this new systematic matrix approach for the 
homogeneous quadratic equations and also higher degree homogeneous equations of the type 
F(x l ,x~,,x 3 ,...,x s ) = 0 (defined in the axiom (17)), are fully compatible with the solutions and 

conclusions that have been obtained previously for various homogeneous equations by different and 
miscellaneous methods and approaches [6, 7, 8], In Sec. 3, we’ve used the uniquely specified systems of 
homogeneous linear equations (and also their general parametric solutions) corresponding to the 
homogeneous quadratic equations - where, in particular, it has been assumed basically that the 
components of the relativistic energy-momentum vector (as one of the most basic physical quantities) in 
the Lorentz invariant energy-momentum (homogeneous) quadratic relation, can only take the rational 
values. 
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3 . A Unique Mathematical Derivation of the Laws Governing the Fundamental 
Forces of Nature: Based on a New Algebraic-Axiomatic (Matrix) Approach 

In this Section, , as a new mathematical approach to origin of the laws of nature, using the new basic 
algebraic axiomatic (matrix) formalism (presented in Sec.2), “it is shown that certain mathematical 
forms of fundamental laws of nature, including laws governing the fundamental forces of nature 
(represented by a set of two definite classes of general covariant massive field equations, with new 
matrix formalisms), are derived uniquely from only a very few axioms where in agreement with the 
rational Lorentz group, it is also basically assumed that the components of relativistic energy- 
momentum can only take rational values. Concerning the basic assumption of rationality of 
relativistic energy-momentum, it is necessary to note that the rational Lorentz symmetry group is not 
only dense in the general form of Lorentz group, but also is compatible with the necessary conditions 
required basically for the formalism of a consistent relativistic quantum theory [77]. In essence, the 
main scheme of this new mathematical axiomatic approach to fundamental laws of nature is as 
follows. First in Sec. 3-1-1, based on the assumption of rationality of D-momentum, by linearization 
(along with a parameterization procedure) of the Lorentz invariant energy-momentum quadratic 
relation, a unique set of Lorentz invariant systems of homogeneous linear equations (with matrix 
formalisms compatible with certain Clifford, and symmetric algebras) is derived. Then in Sec. 3-4, 
by first quantization (followed by a basic procedure of minimal coupling to space-time geometry) of 
these determined systems of linear equations, a set of two classes of general covariant massive 
(tensor) field equations (with matrix formalisms compatible with certain Clifford, and Weyl algebras) 
is derived uniquely as well. Each class of the derived general covariant field equations also includes a 
definite form of torsion field appeared as generator of the corresponding field’ invariant mass. In 
addition, in Sections 3-4 - 3-5, it is shown that the (l+3)-dimensional cases of two classes of derived 
field equations represent a new general covariant massive formalism of bispinor fields of spin-2, and 
spin-1 particles, respectively. In fact, these uniquely determined bispinor fields represent a unique set 
of new generalized massive forms of the laws governing the fundamental forces of nature, including 
the Einstein (gravitational), Maxwell (electromagnetic) and Yang-Mills (nuclear) field equations. 
Moreover, it is also shown that the ( 1 +2)-dimensional cases of two classes of these field equations 
represent (asymptotically) a new general covariant massive formalism of bispinor fields of spin-3/2 
and spin- 1/2 particles, respectively, corresponding to the Dirac and Rarita-Schwinger equations. 

As a particular consequence, in Sec. 3-4-2, it is shown that a certain massive formalism of general 
relativity - with a definite form of torsion field appeared originally as the generator of gravitational 
field’s invariant mass - is obtained only by first quantization (followed by a basic procedure of 
minimal coupling to space-time geometry) of a certain set of special relativistic algebraic matrix 
equations. In Sec. 3-4-4, it has been also proved that Lagrangian densities specified for the originally 
derived new massive forms of the Maxwell, Yang-Mills and Dirac field equations, are also gauge 
invariant, where the invariant mass of each field is generated solely by the corresponding torsion 
field. In addition, in Sec. 3-4-5, in agreement with recent astronomical data, a particular new form of 
massive boson is identified (corresponding to U(l) gauge group) with invariant mass: 
m y ~ 4.9057 lxlO" 50 kg, generated by a coupled torsion field of the background space-time geometry. 

Moreover, in Sec. 3-5-2, based on the definite mathematical formalism of this axiomatic approach, 
along with the C, P and T symmetries (represented basically by the corresponding quantum 
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operators) of the fundamentally derived field equations, it has been concluded that the universe could 
be realized solely with the (1+2) and (l+3)-dimensional space-times (where this conclusion, in 
particular, is based on the time -reversal symmetry). In Sections 3-5-3 and 3-5-4, it is proved that 
'CPT' is the only (unique) combination of C, P, and T symmetries that could be defined as a 
symmetry for interacting fields. In addition, in Sec. 3-5-4, on the basis of these discrete symmetries 
of derived field equations, it has been also shown that only left-handed particle fields (along with 
their complementary right-handed fields) could be coupled to the corresponding (any) source 
currents. Furthermore, in Sec. 3-6, it has been shown that metric of the background space-time is 
diagonalized for the uniquely derived fermion field equations (defined and expressed solely in (1+2)- 
dimensional space-time), where this property generates a certain set of additional symmetries 
corresponding uniquely to the SU(2)i ®U(2) R symmetry group for spin- 1/2 fermion fields 
(representing “1+3” generations of four fermions, including a group of eight leptons and a group of 
eight quarks), and also the SU(2) L ®U(2) R and SU(3) gauge symmetry groups for spin-1 boson fields 
coupled to the spin- 1/2 fermionic source currents. Hence, along with the known elementary particles, 
eight new elementary particles, including: four new charge-less right-handed spin- 1/2 fermions (two 
leptons and two quarks, represented by “z e , z n and z u , z d ”), a spin-3/2 fermion, and also three new 

spin-1 massive bosons (represented by "W + ,W ,Z ", where in particular, the new boson Z is 

complementary right-handed particle of ordinary Z boson), are predicted uniquely by this new 
mathematical axiomatic approach. 

Furthermore, as a particular result, in Sec. 3-4-2, based on the definite and unique formulation of the 
derived Maxwell’s equations (and also determined Yang-Mills equations, represented uniquely with 
two specific forms of gauge symmetries, in 3-6-3-2), it is also concluded generally that magnetic 
monopoles could not exist in nature. 

3 - 1 . As noted in Sec. 1-1, the main results obtained in this article are based on the following three 
basic assumptions (as postulates): 

(D- “A new definite axiomatic generalization of the axiom of “no zero divisors” of integral 
domains (including the integr ring Z) is assumed (represented by formula (17), in Sec. 2-1);” 

This basic assumption (as a postulate) is a new mathematical concept. In Sec. 2-1, based on this 
new axiom, a general algebraic axiomatic (matrix) approach (in the form of a basic linearization- 
parameterization theory) to homogeneous equations of degree r > 2 (over the integer domain, 
extendable to field of rational numbers), has been formulated. A summary of the main results 
obtained from this axiomatic approach have been presented in Sec. 1-1. As particular outcome of this 
new mathematical axiomatic formalism (based on the axiomatic relations (17) and (17-1), including 
their basic algebraic properties presented in detail, in Sections 2-1 - 2-4), in Sec. 3-4, it is shown that 
using, a unique set of general covariant massive (tensor) field equations (with new matrix formalism 
compatible with Clifford, and Weyl algebras), corresponding to the fundamental field equations of 
physics, are derived - where, in agreement with the rational Lorentz symmetry group, it has been 
basically assumed that the components of relativistic energy-momentum can only take the rational 
values. In Sections 3-2 - 3-6, we present in detail the main applications of this basic algebraic 
assumption (along with the following basic assumptions (2) and (3)) in fundamental physics. 


28 



( 2 )- “In agreement with the rational Lorentz symmetry group, we assume basically that the 
components of relativistic energy-momentum (Z)-momentum) can only take the rational values;” 

Concerning this assumption, it is necessary to note that the rational Lorentz symmetry group is 
not only dense in the general form of Lorentz group, but also is compatible with the necessary 
conditions required basically for the formalism of a consistent relativistic quantum theory [77]. 
Moreover, this assumption is clearly also compatible with any quantum circumstance in which the 
energy-momentum of a relativistic particle is transferred as integer multiples of the quantum of 
action “h” (Planck constant). 

Before defining the next basic assumption, it should be noted that from the basic assumptions (1) and 

(2) , it follows directly that the Lorentz invariant energy-momentum quadratic relation (represented by 
formula (52), in Sec. 3-1-1) is a particular form of homogeneous quadratic equation (18-2). Hence, using 
the set of systems of linear equations that have been determined uniquely as equivalent algebraic 
representations of the corresponding set of quadratic homogeneous equations (given by equation (18-2) in 
various number of unknown variables, respectively), a unique set of the Lorentz invariant systems of 
homogeneous linear equations (with matrix formalisms compatible with certain Clifford, and 
symmetric algebras) are also determined, representing equivalent algebraic forms of the energy- 
momentum quadratic relation in various space-time dimensions, respectively. Subsequently, we’ve shown 
that by first quantization (followed by a basic procedure of minimal coupling to space-time 
geometry) of these determined systems of linear equations, a unique set of two definite classes of 
general covariant massive (tensor) field equations (with matrix formalisms compatible with certain 
Clifford, and Weyl algebras) is also derived, corresponding to various space-time dimensions, 
respectively. In addition, it is also shown that this derived set of two classes of general covariant field 
equations represent new tensor massive (matrix) formalism of the fundamental field equations of physics, 
corresponding to fundamental laws of nature (including the laws governing the fundamental forces of 
nature). Following these essential results, in addition to the basic assumptions (1) and (2), it would be 
also basically assumed that: 

( 3 ) - “We assume that the mathematical formalism of the fundamental laws of nature, are 
defined solely by the axiomatic matrix constitution formulated uniquely on the basis of 
postulates (1) and (2)”. 

In addition to this basic assumption, in Sec. 3-5, the C, P and T symmetries of uniquely derived 
general covariant field equations (that are equations (71) and (72), in Sec. 3-4), are also represented 
basically by their corresponding quantum matrix operators. 


3 - 1 - 1 . Based on the basic assumption (2), i.e., the assumption of rationality of the relativistic energy- 
momentum, the following Lorentz invariant quadratic relations (expressed in terms of the components of 
D-momcntums p u , p' u of a relativistic massive particle (given in two reference frames), and also 

components of quantity = m 0 k fl , where 17lo is the invariant mass of particle and k u is its covariant 
velocity in the stationary reference frame): 


8 


M v 


PuP v 


LIV f f 

= 8 P M Pv 


(51) 
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( 52 ) 


UV UV St St 

8 P^Pv = 8 Pf/Pv 

= 8^ ( m ok fj)(m 0 k v ) = g 00 (m 0 k 0 ) 2 = (m 0 c) 2 . 

would be particular cases of homogeneous quadratic equation (18-2) in Sec. 2-2, and hence, they would 
be necessarily subject to the process of linearization (along with a parameterization procedure), using the 
systematic axiomatic approach presented Sections 2, 2-2 and 2-4 (formulated based on the basic 
assumption (1)). 

The Lorentz invariant relations (51) and (52) (as the norm of the relativistic energy-momentum) have 
been defined in the D-dimensional space-time, where W-o is the invariant mass of the particle, p u and p' u 
are its relativistic energy-momentums (i.e. D-momentums) given respectively in two reference frames, k fi 

is a time-like covariant vector given by: k fi - (k 0 , 0,...,0) = (cj ^ Jg 00 ,0,...,0) , “C” is the speed of light, and 

the components of metric have the constant values. As noted in Sec. 1-2, in this article, the sign 

conventions (2) (including the metric signature (-1 ...-)) and geometric units would be used (where in 

particular “C = 1”). However, for the clarity, in some of relativistic formulas (such as the relativistic 
matrix relations), the speed of light “C” is indicated formally. 

As a crucial issue here, it should be noted that in the invariant quadratic relations (51) and (52), the 
components of metric which have the constant values (as assumed), necessarily, have been written by 
their general representations g " ' (and not by the Minkowski metric and so on). This follows from 
the fact that by axiomatic approach of linearization -parameterization (presented in Sections 2- 1 - 2-4) of 
quadratic relations (51) and (52) (as particular forms of homogeneous quadratic equation (18-2) which 
could be expressed equivalently by quadratic equations of the types (18) via the linear transformations 
(18-3)), their corresponding algebraic equivalent systems of linear equations could be determined 
uniquely. In fact, based on the formulations of systems of linear equations obtained uniquely for the 
quadratic equations (18) in Sections 2-2 - 2-4, it is concluded directly that the algebraic equivalent 
systems of linear equations corresponding to the relations (51) and (52), are determined uniquely if and 
only if these quadratic relations be expressed in terms of the components g^ 1 represented by their general 
forms (and not in terms of any special presentation of the metric’s components, such as the Minkowski 
metric, and so on). However, after the derivation of corresponding systems of linear equations 
(representing uniquely the equivalent algebraic matrix forms of the quadratic relations (51) and (52) in 
various space-time dimensions), the Minkowski metric could be used in these equations (and the 
subsequent relativistic equations and relations as well). 

Hence, using the systems of linear equations (24), (26), (28), (29), (30),..., obtained uniquely on the basis 
of the axiom (17) by linearization (along with a parameterization procedure) of the homogeneous 
quadratic equations (19) - (23),... (which could be transformed directly to the general quadratic equation 
(18-2), by the isomorphic linear transformations (18-3)), and also using the parametric relations (43-2), 
(44-3), (48) and (52) (expressed in terms of the arbitrary parameters u fj and v n ), as the result of 

linearization (along with a parameterization procedure) of the invariant quadratic relations (51) and (52), 
the following systems of linear equations are also derived uniquely corresponding to various space-time 
dimensions, respectively: 
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- For (1+0) -dimensional case of the invariant relation (51), we obtain: 

Vg 0v {p v + p' v ms} = 0 (53) 

where v = 0 and parameter s is arbitrary; 


- For (l+l)-dimensional space-time we have: 

8 0v (P v + Pl) Pi~P[ 

_g W (p, + P',) -(Po-Po). 
where v = 0,1 and u 0 ,u x , v 0 ,Vj,w, s are arbitrary parameters; 


(a 0 v, -u t v 0 )w 

5 


= 0 


(54) 


- For (l+2)-dimensional space-time we have: 


" g° V (Pr+Pl ) 

0 

~g 2V (Py+P' V ) 
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2 s , 

i 

(m 0 v 1 -m 1 v 0 )w 

0 

g° V (Pr+P'r) 

-g W (Pv + Py) 

-iPi-Pi) 

(u 2 v 0 -u 0 v 2 )w 

-{Pl-p'l) 

1 

5" 

i 

-(Po~Po) 

0 

(u x v 2 -u 2 v i )w 

_g lv (p,+p[.) 

-g 2v (P v + Pl) 

0 

-(Po~Po)_ 

s 


where v = 0, 1 ,2 and w 0 , iq , u 2 , v 0 , v, , v 2 , w , s are arbitrary parameters; 


- For (1+3) -dimensional space-time we obtain: 
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where v = 0, 1 ,2,3 and w, U Q , //, , u 2 , u 3 , v 0 , , v 2 , v 3 , s are arbitrary parameters, and we also having: 

= g° V (Pv + PH fo = ~(Po - Po)o> 

<?! = g^iPr + P ' v X /, = ~(Pl ~ P[), 

„ (56-1) 

^2 = g'\Py + P'H f 2 = ~(Pl - Pi ). 

<? 3 = g 3 v (p v + pH f 3 = ~(p 3 - P 3 ) ; 


- For (1+4) -dimensional case, the system of linear equations corresponding to the invariant quadratic 
relation (51) is specified as follows: 
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fl 

«2 

0 

0 

-«4 

0 

0 

0 

0 

0 

0 

-fo 

0 

0 

(MjV 3 - w 3 v,)w 

-fl 

-fl 

0 

~ e 3 

0 

«4 

0 

0 

0 

0 

0 

0 

0 

0 

-fo 

0 

(MjV 2 -M 2 Vj)w 

_ 

-«2 

e s 

0 

-«4 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

-fo. 

s 


where v = 0,1, 2,3,4 , U Q ,U V U 2 ,U 3 ,U 4 ,v 0 ,v x ,v 2 ,v 3 ,v 4 ,w,s are arbitrary parameters, and we have: 

e 0 = 8 ° V (P v + P'v X /o = Po - Po . 

«i =^"'(P, + KX /i = Pi ~P[, 

e 2 =g 2V (Pv +p'v)> f 2 =P2-P2 ’ (57_1) 

=g iV (P v +p'v), f 3 =P 3 -P3 . 

e 4 = g 4v (Py + K X / 4 = p 4 - p\ ; 


(57) 


The systems of linear equations that are obtained for (1+5) and higher dimensional cases of the invariant 
quadratic relation (51), have also the formulations similar to the obtained systems of linear equations 
(53) - (57), and would be expressed by the matrix product of a 1 N x2' v square matrix and a 2 ' x I column 
matrix in (1+ AO-dimensional space-time. For (l+5)-dimensional case of the invariant relation (51), the 
column matrix of the corresponding system of linear equations (expressed by the matrix product of a 
32x32 square matrix and a 32x1 column matrix) is given by (where u 0 ,u v u 2 ,u 3 ,u 4 ,u 5 , 

v (J , v, , v 2 , v 3 , v 4 , v 5 , vv, .v are arbitrary parameters) : 
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5 = 


5" 

S" 


S' = 


(«oF - u i v 0 )w 


0 

(«o v 2 


0 

(u Q v 3 - i* 3 v 0 )w 


0 

O 


(r* 5 v 4 — w 4 v 5 )w 

(«0 V 4 - «4 V o) W 


0 

o 


(u 3 v 5 — u 5 v 3 )w 

o 


(r< 5 v 2 — w 2 v 5 )w 

o 

(m 0 v 5 - w 5 v 0 )w 

, S" = 

(MjVj — U 5 V J ) W 

0 

O 


(« 4 v 3 — w 3 v 4 )w 

o 


(m 2 v 4 — w 4 v 2 )w 

o 


(m 4 Vj — m 1 v 4 )w 

0 


(m 2 v 3 — w 3 v 2 )vt 

0 


(r/ 3 — u t v 3 )w 

0 


(i/jV 2 — m 2 v 1 )w 

0 


X' 


(57-2) 


In a similar manner, using the axiomatic approach presented in Sec. 2, the systems of linear equations 
corresponding to the energy-momentum invariant relation (52) in various space-time dimensions are 
obtained uniquely as follows, respectively (note that by using the geometric units, we would take c — 1 ): 


- For (1+0) -dimensional space-time we obtain: 


8° V Pv ~ g°° ~f= 


H = o 


(58) 


where v = 0 and parameter s is arbitrary; 

- For (l+l)-dimensional space-time we have: 


41 


Pi 


18 
jo, m^c 


m 0 c 


(u 0 v l -MjV 0 )w 
5 


0 (59) 


8 lv P. + -ip 0 + (-fty» 

yjg V g 

where v = 0,1 and u 0 ,u l , v 0 , v, , w, s are arbitrary parameters; 


- For (1+2) dimensions we have (where v = 0,1,2 and u 0 ,u v u 2 , v 0 , v, , v 2 , w, s are arbitrary parameters): 

0 

Vs 00 

o 


Vs 


-8 2v P,+8 2 °(%) 

VS 


~P 2 


s>„-s-(^) 


-Pi 


■s ^ + s u (-f=) 


-(Po + (^)) 


Pi 

-Pi 

0 


8 ' Vpv+r{ 7r ) ~ 8 ^ Pv ~ 82 ° i 7P ) 


m n c 


-(p 0 +(^4=)) 




(u 0 V l -u x v Q )w 
(u 2 v 0 -u 0 v 2 )w 
(MjV 2 -u 2 v 1 )w 
s 


= 0 


( 60 ) 
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- For (1+3) -dimensional space-time we obtain: 


<?0 

0 

0 

0 

0 

-«s 

e 2 

A " 

(w 0 Vj — w 1 v 0 )w 

0 

<?„ 

0 

0 

e 3 

0 


A 

(u 0 v 2 -u 2 v 0 )w 

0 

0 

*0 

0 

-e 2 

* 

0 

A 

(u 0 v 3 -u 3 v 0 )w 

0 

0 

0 

<?0 

-/i 

-A 

-A 

0 

0 

0 

A 

-A 


-fo 

0 

0 

0 

(u 3 v 2 — u 2 v 3 )w 

-/a 

0 

A 

-<? 2 

0 

-A 

0 

0 

(u l v 3 —u 3 \\)w 

/ 2 

-/l 

0 

-«3 

0 

0 

-A 

0 

(u 2 V J — MjV 2 )w 

_ e i 

^2 

<?3 

0 

0 

0 

0 

-fo. 

s 


where v = 0, 1 ,2,3 and u 0 , //, , u 2 , u 3 , v 0 , v, , v 2 , v 3 , w , s are arbitrary parameters, and we also having: 

e o = g° V Pv ~ )’ fo = Po + ( m o c / 

e i = g U Pv -g 10 (m 0 c/VP°), /i = Pt, (6 

<? 2 = g 2V Pv ~ g 20 (nhc/ylg™), f 2 = P 2 , 

<?3 = g iv Pv - g 30 (m 0 c/VP°), / 3 = P 3 ; 


- For (l+4)-dimensional space-time, the system of linear equations corresponding to the invariant 
quadratic relation (52) is derived as follows: 


e 0 0 0 0 0 0 0 

0 e 0 0 0 0 0 0 

0 0 e 0 0 0 0 0 

0 0 0 e 0 0 0 0 

0 0 0 0 e 0 0 0 

0 0 0 0 0 e 0 0 

0 0 0 0 0 0 e 0 

0 0 0 0 0 0 0 

0 0 0 f 4 0 f 3 f 2 

o 0 -f 4 0 -/ 3 0 -e, 

0 f 4 0 0 -f 2 e 1 0 

A 0 0 0 -/, e 2 e 3 

0 f 3 f 2 -*000 
A 0 /, e 2 0 0 -e t 

A ~fi 0 -«3 0 e 4 0 

e, -e 2 e 3 0 - e 4 0 0 


0 0 0 0 - e 4 0 

0 0 0 e 4 0 e 3 

0 0 - e 4 0 0 e 2 

0 e 4 0 0 0 -/i 

0 0 -e 3 -e 2 -e l 0 

0 e 3 0 /, -f 2 0 

0 ~fi 0 f 3 0 

* f 2 -f 3 0 f 4 

/, -/o 0 0 0 0 

e 2 0 - f 0 0 0 0 

-e 3 0 0 -/„ 0 0 

0 0 0 0 0 

e 4 0 0 0 0 - / 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 


0 

/o 0 

0 0 -/ 0 

(62) 


A e 2 /j 

0 -«i -/ 2 

* 0 A 

A ~fs 0 

0 0 -f 4 

0 f 4 0 

-/ 4 0 0 

0 0 0 

0 0 0 

0 0 0 

0 0 0 

0 0 0 

0 0 0 

-1 
0 


(w 0 Vi -MjVoJw 

(u 2 v 0 -u 0 v 2 )w 
(i w 0 v 3 -m 3 v 0 )w 

0 

(m 4 v 0 -m 0 v 4 )w 

0 

0 

0 

0 

(u 3 v 4 -m 4 v 3 )w 
(u 2 v 4 -u 4 v 2 )w 
(u l v 4 -u 4 v l )w 
(, w 2 v 3 -u 3 v 2 )w 

(MjV 3 -M 3 Vj)w 
(MjV 2 -M 2 Vj)w 
S 
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where v = 0, 1 ,2,3,4 and u 0 , //, , u 2 , u 3 , u 4 , v 0 , v x , v 2 , v 3 , v 4 , w, s are arbitrary parameters, and we have: 


e 0 = S° v Pv - g°°(m 0 c/ 4g°°), / 0 =P () + (m 0 c/ Jg™), 
e, = g h 'p v -g W (m 0 c/y[g™), fi = Pi, 


e 2 = g 2v Pv~g 2 \ n W V£ UU )’ fi = Pn 


(62-1) 


^3 = g iV Pv - g M \ m if/^g {W ), f 3 =p 3 . 


? 4 =g ' Pv ~ g ("W ), f 4 = P 4 - 

The systems of linear equations that are obtained for (1+5) and higher dimensional cases of the energy- 
momentum quadratic relation (52), have also the formulations similar to the obtained systems of linear 
equations (58) - (62), and would be expressed by the matrix product of a 2 ,v x 2 V square matrix and a 

2 w xl column matrix in (1+AO-dimensional space-time. For the (l+5)-dimensional case of energy- 
momentum relation (52), the column matrix of the corresponding system of linear equations (expressed by 
the matrix product of a 32x32 square matrix and a 32x1 column matrix, similar to (57-2)) is given by: 

(u 0 v 1 —u 1 v 0 }w O 

(u 0 v 2 — « 2 v 0 )w O 

(r/ 0 v 3 — i/ 3 v 0 )w O 


(u 0 v 4 - u 4 v 0 )w 

O 


, S' = 


(«0 V 5 -«5 V o) 1 + 


, S" = 


(u 3 v 5 

(u 5 v 2 

OiV 5 

(lU V 3 

(u 2 V 4 

(«4 V 1 

(lt 2 V 3 

(u 3 v 1 

(iqv 2 


— i/ 4 v 5 )w 

o 

— i/ 5 V 3 )w 

— i/ 2 V 5 )w 

— i/ 5 V! )w 

o 

— r/ 3 v 4 )w 

— u 4 v 2 ) w 
iqv 4 )w 

— i/ 3 V 2 )w 

— u 1 v 3 )w 

— u 2 v 1 )w 


(62-2) 


where u 0 ,u l ,u 2 ,u 3 ,u A ,u 5 ,v 0 ,v 1 ,v 2 ,v 3 ,v 4 ,v 5 ,w,s are arbitrary parameters. 


3-2. From the derived systems of linear equations (54) - (57) corresponding to the (1+1) - (1+4)- 
dimensional cases of the invariant relation (51), and also using the general parametric solutions (43) - 
(51) (obtained for systems of linear equations (26) - (30)), the rational Lorentz transformations (which are 
completely dense in the standard group of Lorentz transformations [77], as noted in Sec. 3-1) are derived 
for momentums p and p' u . For instance, assuming the Minkowski metric, from the system of linear 

equations (55), a parametric form of rational Lorentz transformations for three-momentums p and p u 
in (l+2)dimensional space-time, is derived as follows: 
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( 63 ) 


1 + Zo +Zf +Z 2 

2(z 0 +Zi z 2 ) 

-2(z, -z 0 z 2 ) 

1-Zo-zf +Z 2 

1 2 2,2 

1-Z 0 “Zi +^2 

1 2 2,2 

1-Z 0 +z 2 

2(z 0 -Zi z 2 ) 

1,2 2 2 
l + z 0 -Zj — Z 2 

2(z 2 -z 0 Zi) 

1 <, 0 ^1 z 2 

1 7 0 + Z 2 

1 _2 2 , 2 

1 Z 0 Zj + z 2 

-2 (z, +z 0 z 2 ) 

2(z 2 +z 0 z 1 ) 

1 2,2 2 

1-Zo +7i -Z 2 

1 z 0 <■! +Z 2 

1 _ 2 2 , 2 

1 Z 0 +z 2 

1 z 0 z 1 + z 2 





Po 


Po 

Pi 

= 

p'l 

Pi 


A 




where the parameters s in (63) are given by the formulas: z 0 = (u Q v 1 — tqv 0 )w, z 2 =(u 2 v 0 -w 0 v o )w, 

Z 3 = (tqv 2 —u^v r )w, that are expressed in terms of the arbitrary parameters u 0 ,u l ,u 2 ,v 0 ,v l ,v 2 ,w . These 

parameters would be also determined and expressed in terms of the initially given physical variables 
(such as the relative velocity between the reference frames). However, as it has been also noted in Sec. 2- 
4 concerning a particular common algebraic property of parametric relations (43-2) and (44-3) which are 
equivalent to the above expressions, by choosing appropriate integer values for parameters 
u Q ,u l ,u 2 ,v Q ,\\,v 2 ,w , the parameters z 0 , Z, , Z 2 could take any given integer values. Thus, we may 

directly determine the relevant expressions for parameters S u in terms of the initially given physical 
values and variables. Hence, as a particular case, from the isomorphic transformations (63), in addition to 
these determined expressions for the parameters s (in terms of the relative velocity between the 

reference frames in x-direction and the speed of light): z 0 =-fi/(l + y), z t - z 2 = 0, y - l/^/l - j3 2 , j3 — v/c , 
we obtain the equivalent form of Lorentz transformations in the standard configuration [59] : 


1 + 4 2z 0 


1-4 

1-4 

Po 


Y 

-Pr 

Po 


Po 

2 7o 

1 + Zo 

_Pi_ 


_-py 

Y 

_ Pi _ 


_P[_ 

1-Zo 

i-4. 









(63-1) 


Similar to the derived transformations (63-1), the Lorentz transformations (in standard configuration) are 
derived by the same approach for higher-dimensional space-times. 


3 - 3 . The Lorentz invariant systems of linear equations (59) - (62),..., (obtained on the basis of the 
axiom (17) and relevant general results obtained in Sections 2-2 and 2-4 for homogeneous quadratic 
equations) as equivalent forms of the Lorentz invariant energy-momentum quadratic relation (52), could 
be expressed generally by the following matrix formulation in (1-h/V) -dimensional space-time: 

(cc u P L , - m {] a fl k u )S = 0, (64) 

where a M = J3 M + P'P oc " = p M - p n ‘ , (65) 

m Q is the invariant mass of a relativistic particle and k u = ( cj -J g°° , 0 ,..., 0 ) is its covariant velocity 

(that is a time -like covariant vector) in the stationary reference frame, a M and a " are two contravariant 
2 ,v x2' v square matrices (corresponding to the matrix representations of Clifford algebras Cf 1 , 2 , Cl 1 , 3 , 
C£i ,4 ,..., Ctpv (for N > 2) and their generalizations^, 40, 46], see also Appendix A) that by the 
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isomorphic linear relations (65) are expressed in terms of two corresponding contravariant 2 ,v x2 A 
matrices f" and /?"' , and S is a 2 N x, I parametric column matrix. These matrices in (1+1), (1+2), (1+3), 
(1+4) and (1+5) space-time dimensions are given uniquely as follows, respectively: 

- For (l+l)-dimensional case we get: 


P° 


"0 o' 

, B' = 

"1 O' 

, p' = 

"0 r 

, /?; = 

"0 o' 

, 5 = 

(u 0 v x -u x v {) )w 

0 -1 

7 U 

0 0 

0 0 


1 0 


s 


(66) 


where u 0 ,u l , v 0 , v, , w, s arc arbitrary parameters. 

- For (1+2) -dimensional case we obtain where w 0 ,« p w 2 , v 0 ,v,,v 2 ,w, s are arbitrary parameters): 

P° = 

P 2 = 


"0 0 

f-V _ 

cr° + a 1 

0" 

, P' = 

0 

cr 2 

R r — 

0 

cr 3 

0 -(f7°+fj 1 ) 

7 A) — 

0 

0 

- cr 2 

0 

7 A _ 

- cr 3 

0 


1 

O 

— cr 1 

(V - 

1 

0 

1 

0 

b 

1 

- cr° 

1 

0 

7 Pi — 

1 

1 

1 

O 


S = 


a° = 


(u 0 V l - Ml V 0 )w 
(m 2 v 0 -m 0 v 2 )w 
(m, v 2 — u 2 v l ')w 
s 

For (l+3)-dimensional case we obtain: 


P° = 
P 2 = 


'1 O' 

1 

'0 

0" 

0 

'0 

f 


1 

0 

0 


, a = 



, cr' = 



, <J = 


0 0 


0 

1 


0 

0 


-1 0 


(67) 


"0 0 

B' = 

V+/) 0" 

, /?' = 

0 7 2 ' 

B’ = 

0 x 3 ' 

_0 -(/+/)_ 

7 P 0 

0 0 

_-T 3 0 

7 A'i 

1 

0 

(N 

1 

1 


1 

O 

4+ 

1 

B’ - 

1 

0 

1 

n 

Ui 

1 

, p 3 = 

1 

0 

OS 

1 

B’ - 

1 

r-~ 

O 

1 

1 

O 

1 

7 Pi ~ 

1 

1 

1 

0 

1 

1 

<1 

0 

1 

7 P 3 — 

1 

O 

VO 

1 

1 


(m 0 V! -u^Jw 


1 

0 

0 

O' 



"0 

0 

0 

o' 




0 

0 

0 

f 



"0 

0 

0 

0" 

(m„v 2 -u 2 v 0 )w 

r° = 

0 

1 

0 

0 


f = 

0 

0 

0 

0 


r 2 = 


0 

0 

0 

0 


f = 

0 

0 

-1 

0 

(m 0 v 3 -u 3 v 0 )w 

0 

0 

0 

0 


0 

0 

1 

0 



0 

0 

0 

0 


0 

1 

0 

0 

0 


0 

0 

0 

0 



0 

0 

0 

1 




-1 

0 

0 

0 



0 

0 

0 

0 

(m 3 v 2 -u 2 v 3 )w 

’ 

"0 

0 

0 

o' 


'0 

0 

-1 

o' 



0 

0 

0 

o' 


"0 

-1 

0 

o' 

(«jV 3 -i< 3 v,)w 

4 

0 

0 

0 

1 

5 

0 

0 

0 


0 

6 
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0 

0 

0 

7 

1 

0 

0 

0 

(MjVj -MjVilw 

r = 

0 

0 

0 

0 

. Y = 
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0 

0 


0 

. r = 


0 

0 

0 

1 

. r = 

0 

0 

0 

0 

5 


0 

-1 

0 

0 


0 

0 

0 


0 



0 

0 

-1 

0 


0 

0 

0 

0 


( 68 ) 


where u 0 ,w p u 2 ,u 3 , v 0 ,v p v 2 ,v 3 ,w ,5 arc arbitrary parameters. Moreover, the 4x4 matrices (68) generate 
the Lorentz Lie algebra in (1+3) dimensions. 


For (1+4) -dimensional case we have: 


P° = 


0 0 

0 -(77 0 +77 1 ) 


P' 0 = 


(/7 0 +/7 1 ) 0 

0 0 


p' = 


0 7/ 2 

7/ 2 0 


, A' = 


0 ;; 3 
if 0 


P 2 = 


77 


77 

0 
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1 1 
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0 
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0 

0 

0 


where u 0 ,u l ,u 2 ,u v u 4 ,v 0 ,v l ,v 2 ,v 3 ,v 4 ,w,s are arbitrary parameters. Furthermore, similar to the 4 x 4 y l 
matrices in (68), the 8x8 matrices 77' ( 69 ) generate the Lorentz Lie algebra in ( 1 + 4 ) dimensions. 
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For (l+5)-dimensional case the size of matrices []■" and fi' ■' is 32x32. S is also a 32x1 column matrix 
given by: 


(u 0 \\ u , v () ) w 


0 

(m 0 v 2 -w 2 v 0 )w 


0 

(m 0 v 3 - w 3 v 0 )w 


0 

0 


(m 5 v 4 —u 4 v 5 )w 

(m 0 v 4 -m 4 v 0 )w 


0 

0 


( u 3 v 5 — u 5 v 3 )w 

0 


(m 5 v 2 — m 2 v 5 )w 

0 

, S” = 

(MjV 5 — u 5 \\}xv 

(m 0 v 5 -u s v 0 )w 


0 

0 


(m 4 v 3 — m 3 v 4 )w 

0 


(m 2 v 4 — w 4 v 2 )w 

0 


(w 4 Vj — a 1 v 4 )w 

0 


{ U 2 V 3 — m 3 v 2 )w 

0 


{u 3 \\ — m 1 v 3 )w 

0 


(MjV 2 — UtV^XV 

0 


s 


where 


Wq, Wj, W 2 , W 3 , W 4 , U 3 , Vq Ai V 3 , V 4 , V 5 , W, 5 


are arbitrary parameters. 


Similar to the formulations (66) - (70), for the higher dimensional cases of invariant quadratic relation 
(52), the column matrix S and square matrices (3 /7 and [3'" (defining the square matrices a " and a' u 
that correspond to the matrix representations of Clifford algebras and their generalization, see Sec. 3-3 and 
also Appendix A) are obtained with similar algebraic structures, where in (1+. N) space-time dimensions the 
size of square matrices / 3 ** and J3' M is 2 V x 2 ;V and the size of column matrix S is 2 V x 1 . 


3 - 3 - 1 . General algebraic formulation of the column matrix S given in the matrix equation (64) 

As noted in Sec. 3-3, the matrix equation (64) represents uniquely the equivalent form of the Lorentz 
invariant energy-momentum quadratic relation (52) (as the norm of the D-momentum), based on the 
axiomatic relations (17) and (17-1) and relevant general results obtained in Sections 2-2 and 2-4 for 
homogeneous quadratic equations over the integral domain over TL. Hence (as it has been also mentioned 
in Sec. 3-3), the general algebraic formulation of the entries of column matrices S obtaining in 
subsequent higher space-time dimensions, are similar to formulations of the obtained matrices S (66) - 
(70) corresponding, respectively, to the (1+0), (1+1), (1+2), (1+3), (1+4) and (l+5)-dimensional cases of 
Lorentz invariant matrix equation (64). Hence, the algebraic formulation of column matrix S in ( 1+7V) 
space-time dimensions would be generally defined as follows: the last entry of S is represented solely by 
the arbitrary parameter S , 2 N ~ l entries are definitely zero (see Sec. 3-3-2 for detail) and all the other 
2 am -1 entries of S could be represented uniformly by the following unique algebraic formulation 
(expressing in terms of the arbitrary parameters: u 0 ,u l ,u 2 ,u 3 ,...,u N ,v 0 ,v l ,v 2 ,v 3 ,...,v N ,w ) given on the basis 
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of a one-to-one correspondence between these (non-zero) entries of matrix S and the entries h v (for ft > 
v) of a 2 VI x 2 v 1 square matrix //[/? ] defined in (1-k/V) dimensions, by: 

Kv = ( u v v m - u m v v )w (70-1) 

where ju, v = 0,1,2,..., N, and h = 0 for ft = v. 

Note that the algebraic form (70-1) is equivalent to form (45-2) which, as it has been noted in Sec. 2-4, 
generates a symmetric algebra Sym(V) on the vector space V , where (u ,v v ) e V ” [11]. 

Hence, as a basic algebraic property of the form (70-1), a natural unique isomorphism is defined between 
the underlying vector space V of the symmetric algebra Sym(!0 (which is generated by algebraic form (70- 
1)) and the Weyl algebra W(V). Moreover, based on this isomorphism, the Weyl algebra W(V) could be 
defined as a (first) quantization of the symmetric algebra Sym(!0, where the generators of the Weyl 
algebra W(V) would be represented by the corresponding (covariant) differential operators (such as zTtV 
as per quantum mechanics usage). 

In Sec. 3-4, we use these general and basic algebraic properties of the column matrix S , in particular, in 
the procedure of quantization of the algebraic matrix equation (64). 


3 - 3 - 2 . In addition to the above algebraic properties of the parametric entries of column matrix S , that are 
represented uniformly by the algebraic formula (70-1), in terms of the arbitrary parameters: 
u 0 ,u l ,u 2 ,u 3 ,...,u N , v 0 ,v 1 ,v 2 ,v 3 ,...,v Ar ,w, the following basic properties hold as well: 


Displaying the column matrix S by two half-sized 2 N 1 xl column matrices S' and S " (containing 
respectively the upper and lower entries of S , similar to the formulas (57-2) and (62-2) representing the 


(l+5)-dimensional case of matrix S ) such that: 



then we have: 


(1) . The number of entries of the column matrix S' that are zero, is exactly: (2 N 1 - N ), and the other 
N entries are represented solely either by the formulation: h nt) =( u {] v n —u v 0 )w, or by its negative 
form, i.e.: —h p0 = h {)/J =( u ;i v 0 — u Q v )w , where ft = 1 , 2 ,..., N, and h u{} denote the iV entries (except 
the first entry /7 00 that is zero) of the first column of square matrix H\h in ,] (defined by the formula (70-1)); 


(2) . The number of entries of the column matrix S" that are zero, is exactly: (2' v 1 — — — -1) , and 

N(N-l) 

except the last entry (represented by arbitrary parameter S ), all the other ( -) entries are 

represented solely either by the formulation: h =( u v v —u v v )w, or by its negative form, i.e.: 
— h /uv = h =( u f y v - u v v fl )w, where fi> v , ft, v = 1,2,..., /V, and h u v denote the components of square 
matrix H[h^ v \ , and the last entry of column matrix S' is also represented by the arbitrary parameter S . 
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(3). If we exchange S' and S" in the column matrix S = 


S r 

S" 


, that could be shown by, 


s (ch) = 

'0 f 

s = 

'0 f 

~S'~ 

= 

~S"~ 


I 0 


I 0 

S" 


S' 


(70-2) 


then based on the general formulation of matrix S (defined uniquely by formulas (66) - (70) for various 
space-time dimensions) and its algebraic properties (1) and (2) (mentioned above), it is concluded directly 
that the matrix equation (64) given with the new column matrix S‘ Ch) (70-2), i.e. equation: 
(a M p /J —m 0 a M k iU )S iCh) = 0, is which could be defined solely in (1+2) space-time dimensions for 


5 = 0, -0, Vj — 0 , in (1+3) space-time dimensions for 5 = 0, and in (1+4) space-time dimensions for 
5 = 0, u | = 0, Vj=0 (which is reduced and be equivalent to the (l+3)-dimensional case of matrix 
equation (64)). In (1+1) and (1+5) and higher space-time dimensions, the matrix equation 
(a M p )S <ch> =0 would be which are defined if and only if all the entries of column matrix 

S iCh) are zero. This means that the matrix equation (64): ( a M p /J -m 0 a M k p )S = 0, is symmetric in the 


exchange of S' and S" (in the column matrix 5 = 


S' 


S" 


), solely in (1+2) -dimensional space-time for 


5 = 0,Wj = 0, V| =0, and in (l+3)-dimensional space-time for s = 0. In Sec. 3-5-2, this particular algebraic 

property of the column matrix S would be used for concluding a new crucial and essential issue in 
fundamental physics. 


In the following Section, the natural isomorphism between the symmetric algebra Svm( V) (generated 
uniquely by the algebraic form (70-1)) and the Weyl algebra W( V) mentioned in Sec. 3-3-1, in addition to 
the general algebraic properties of column matrix S presented in Sec. 3-3-2, would be used and applied 
directly in the procedure of first quantization of the Lorentz invariant system of linear equations (64). 


3-4. A new unique mathematical derivation of the fundamental (massive) field 
equations of physics (representing the laws governing the fundamental forces of nature): 

By first quantization (followed by a basic procedure of minimal coupling to space-time geometry) of 
the Lorentz invariant system of linear equation (64) (representing uniquely the equivalent form of 
energy-momentum quadratic relation (52), see Sec. 3-3) expressed in terms of the Clifford algebraic 
matrices (65) - (70),... , two classes of general covariant field equations are derived uniquely as 
follows (given in ( 1 +N) space-time dimensions): 

(iha M V M =0, (71) 

(iha u D m - m { ' ] a" F = 0 (72) 

where iftV and ihD u are the general relativistic forms of energy-momentum quantum operator 
(where V is the general covariant derivative, and D u is gauge covariant derivative, for detail see the 
ordinary tensor formalisms of these equations, representing by formulas (78-1) - (79-3), in Sec. 3-4-1), 


41 



m.Q R) and m, 1 / ' are the fields’ invariant masses, k u - (cj ^g°° ,0,...,0) is the general covariant 

velocity in stationary reference frame (that is a time-like covariant vector), a '“and cP' are two 
contravariant 2 A x2 v square matrices (compatible with the matrix representations of certain Clifford 
algebras, see Sec. 3-3 and also Appendix A) defined by formulas (65) - (70) in Sec 3-3. In the field 
equation (72), TV is a column matrix as a (first) quantized form of the algebraic column matrix S 
(defined by relations (64) - (70-1) in Sections 3-3, 3-3-1 and 3-3-2), determined and represented uniquely 
by formulas (73) - (77),..., in various space-time dimensions. The column matrix 'f / R contains the 
components of field strength tensor R ^(equivalent to the Riemann curvature tensor), and also the 

components of covariant quantity <p that defines the corresponding source current tensor by relation: 

im {R) 

j ,Rl = _(V h 5 — k ,)(p {R) (which appears in the course of the derivation of field equation (71), see Sec. 

pm' r ^ v pa 

3-4-2 for details). In a similar manner, in the tensor field equation (72), 4 / / is also a column matrix as a 
(first) quantized form of the algebraic column matrix S (defined by relations (64) - (70-1) in Sections 3-3, 
3-3-1 and 3-3-2), determined and represented uniquely by formulas (73) - (77),. . ., in to various space-time 
dimensions. The column matrix TV contains both the components of tensor field F u v (defined as the 

gauge field strength tensor), and also the components of covariant quantity cp {F) that defines the 

/m (F) 

corresponding source current vector by relation: relation: J' F) =-(D , h — k , )(p iF) (which appears in the 

h 

course of the derivation of field equation (72), see Sec. 3-4-2 for details). Moreover, the general covariance 
formalism of the field equations (71) and (72), would be also shown in Sec. 3-4-1. 

In addition, in Sec. 3-5, based on a basic class of discrete symmetries for the field equations (71) and (72), 
along with definite mathematical axiomatic formalism of the derivation of these equations, it is shown that 
these equations could be defined solely in (1+2) and (1+3) space-time dimensions. It is shown that (1+3) 
dimensional cases of these equations represent uniquely a new formalism of bispinor fields of spin-2 and 
spin-1 particles, respectively. It is also shown that the (l+2)-dimensional cases of these equations, 
represent asymptotically new massive forms of bispinor fields of spin-3/2 and spin- 1/2 particles, 
respectively. 

Moreover, in Sec. 3-5-2, based on the definite mathematical formalism of this axiomatic derivation 
approach, the basic assumption (3) in Sec. 3-1, along with the C, P and T symmetries (represented 
basically by their corresponding quantum matrix operators) of the fundamentally derived general 
covariant field equations (71) and (72), it is concluded that the universe could be realized solely with the 
(1+2) and (l+3)-dimensional space-times (where this conclusion, in particular, is based on the T- 
symmetry). In Sections 3-5-3 and 3-5-4, it is proved that 'CPT is the only (unique) combination of C, P, 
and T symmetries that could be defined as a symmetry for interacting fields. In addition, in Sec. 3-5-4, on 
the basis of these discrete symmetries of the field equations (71) and (72), it is shown that only left- 
handed particle fields (along with their complementary right-handed fields) could be coupled to the 
corresponding (any) source currents. 

Furthermore, in Sec. 3-6, it is argued that the metric of background curved space-time is diagonalized for 
the spin- 1/2 fermion field equations (defined by the field equation (110) as a generalized form of (1+2)- 
dimensional case of equation (72)), where this property generates a certain set of additional symmetries 
corresponding uniquely to the SU(2) L ®U(2) R symmetry group for spin- 1/2 fermion fields (represented by 
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two main groups of “1+3” generations, corresponding respectively to two subgroups of leptons and two 
subgroups of quarks), in addition to the SU(2) L ®U(2) R and SU(3) gauge symmetry groups for spin-1 
boson fields coupled to the spin- 1/2 fermionic source currents. Moreover, based on these uniquely 
determined gauge symmetries, four new charge-less spin-1/2 fermions (representing by “z e , z n ; z u , z d ”, 
where two right-handed charhe-less quarks z u and z d emerge specifically in two subgroups with anti- 
quarks such that: ( s, u, b , z u ) and ( c, d, t , z d )), and also three new massive spin-1 bosons (representing 

by "W\W , Z ", where in particular Z is the complementary right-handed particle of ordinary Z 
boson), are predicted by this new mathematical axiomaticapproach. 

As a particular result, in Sec. 3-4-2, based on the definite and unique formulation of the derived 
MaxwelTs equations (and also Yang-Mills equations, defined by the (l+3)-dimensional case of the field 
equation (72), compatible with specific gauge symmetry groups as shown in Sec. 3-6-1-2 and 3-6-3-2), it 
is also concluded that magnetic monopoles could not exist in nature. 

3 - 4 - 1 . Axiomatic Derivation of General Covariant Massive Field Equations (71) and (72): 

First it should be noted that via first quantization (followed by a basic procedure of minimal coupling to 
space-time geometry) of the algebraic systems of linear equations (64) (as a matrix equation given by the 
Clifford algebraic matrices (65) - (70),..., in various space-time dimensions), two categories of general 
covariant field equations (with a definite matrix formalism compatible with the Clifford algebras and their 
generalizations, see Sec 3-3 and also Appendix A) are derived solely, representing by the tensor equations 
(71) and (72) in terms two tensor fields /? and F pv , respectively. In fact, as it has been mentioned in 

Sections 3-3-1 and 3-3-2, there is a natural isomorphism between the Weyl algebra and the symmetric 
algebra generated by the algebraic form (70-1) which represents the general formulation of the entries of 
algebraic column matrix S in the matrix equation (64). In addition, the procedure of minimal coupling to 
space-time geometry would be simply defined as a procedure which, starting from a theory in flat space - 
time, substitutes all partial derivatives by corresponding covariant derivatives and the flat space-time 
metric by the curved space-time (pseudo-Riemannian) metric. Moreover, as mentioned in Sec. 3-3-1, on 
the basis of this natural isomorphism, the Weyl algebra could be also represented as a quantization of the 
symmetric algebra generated by the algebraic form (70-1)). Hence, using this natural isomorphism, by first 
quantization (followed by a basic procedure of minimal coupling to space-time geometry) of matrix 
equation (64), two definite classes of general covariant massive (tensor) field equations are determined 
uniquely, expressed in terms of two basic connection forms (denoting by two derivatives V and D u 

corresponding respectively to the diffeomorphism (or metric) invariance and gauge invariance), along with 
their corresponding curvature forms, denoting respectively by /? ( as the gravitational field strength 

tensor, equivalent to Riemann curvature tensor) and F (as the gauge field strength tensor). This natural 
isomorphism could be represented by the following mappings (corresponding to the curvature forms R v 
and F n v , respectively) : 

(U M V V -u v v M )w h+ (V^v,, -V v V m )co r = R(h,v)cd r b+ R papv , (71-1) 

(u p v v -u v v M )w (D fl D v -D v D u )oj f b* (ig F )F flv . (72-1) 
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where = (dY'p u + Y p >y T\ l )-(d T p av + Y\ i T x <w ), F uv = D V A M -D M \ , and g F , A u are respectively the 

corresponding coupling constant and gauge field (that is defined generally as a Lie algebra-valued 1-form 
representing by a unique vector field [58]). Based on this natural unique isomorphism represented by the 
mappings (71-1) and (72-1), the column matrices 4V and 4V (in the expressions of field equations (71) 
and (72), respectively) would be determined uniquely various dimensional space-times, represented by 
formulas (73) - (77),... . 

In addition, as mentioned in Sec. 3-4 in detail, the last entry of algebraic column matrix S in matrix 
equation (64) (as it has been shown in the relations (64) - (70)), is represented by the arbitrary algebraic 
parameters' . In the course of the derivation of field equations (71) and (72) (via the first quantization 
procedure mentioned above, and the mappings (71-1) and (72-1)), the arbitrary parameter S could be 
substituted solely by two covariant quantities (p ( p R J and (p ' 1 that define the corresponding covariant 

source currents (p^J and j[ F) (given in the field equations (71) and (72), respectively) by the conditional 

im (F) 

relations: =-(V„ + -^-*„)?£ ) and /< F > =-{D v + ^—k v )(p {F) . 

n n 


In addition, as another basic issue concerning the general covariance formulation of tensor field equations 
(71) and (72), we should note that each of these equations (as a system of equations) includes also an 


equation corresponding to the 2 nd Bianchi identity, as follows, respectively: 


(V,+ 

(D, 


im, 


( R ) 


k,)R 


popv 


■(V, 


im, 


u?) 


K) R 


im. 


(F) 


k,)F+(D u 


im. 


(F) 


'W 


povX W v 

vx 1 (F> v - 


im, 


(R) 


K)R P ^ -o. 


im. 


(F) 


-K)F* -0 


(71-2) 

(72-2) 


However, the tensor field R as the Riemann curvature tensor, obeys the relation (71-2) tensor, if and 
only if a torsion tensor is defined in as: T = (im ( 0 R) /2fi) (g TfJ k v — g TV k f , ) , and subsequently the 
relation (71-2) be equivalent to the 2 nd Bianchi identity of the Riemann tensor. Consequently, the 
covariant derivative V„ should be also defined with this torsion, that we may show it by V v . Moreover, as 
it has been also shown in Sec. 3-4-2, concerning the relation (72-2), we may also define a torsion field as: 
Z r/M , = (inp 1 ru k v ~ g Iv k u ) , and write the relations (71-2) and (72-2) (representing the 2 nd Bianchi 
identities) as follows: 

^ lR pa/., v + ^ pRpavX + ^ v R paAp = T \Rpaw + ^pyRpcnl + T \'xRparp > (71-2-a) 

D a F mv + D m F vX +i) v F * =0 (72-2-a) 

where the general relativistic form of gauge derivative D has been defined with torsion field Z . We 
use the derivatives V and D in the ordinary tensor representations (i.e. the formulas (78-1) - (79-3)) 
of the field equations (71) and (72) in Sec. 3-4-2. In addition, based on the formulations of torsions T_ u v 

and Z (that have appeared naturally in the course of derivation of the field equations (71) and (72)) 
and general properties of torsion tensors (in particular, this property that a torsion tensor can always be 
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treated as an independent tensor field, or equivalently, as part of the space-time geometry [72 - 74]), it 
could be concluded directly that torsion field T generates the invariant mass of corresponding 


gravitational field, and torsion field Z generates the invariant mass of corresponding gauge field, 

respectively. Hence, based on our axiomatic derivation approach including the mappings (71-1) and (72- 
1) (mentioned above), the (1+1), (1+2), (1+3), (1+4), (1+5),..., dimensional cases of column matrices v P/j 
and v F/r in the specific expressions of general covariant massive (tensor) field equations (71) and (72), are 
determined uniquely as follows, respectively; For (l+l)-dimensional space-time we have: 


vp - 

T R 


R 


per 10 

f PpJ 


= 


F 10 

C F) 


(P 


J 


J J 


-( R) _ 

-(V v + 

im™ 

PCTV 

n 

( F ) _ 

-(A + 

im < F) 

V 

h 



( R ) 
y pCT ’ 


k..)<P ( p 
k r )cp (n - 


(73) 


For (l+2)-dimensional space-time we obtain: 


R pcrl 0 


~R 0 ~ 

R 



*^P<T 02 

, 'F,, = 

1 02 

R peril 

’ r 

^21 

,A R ) 



L VpCT J 


(p 


r(R) _ 

^ pCTV 



-(v„ + 

~{D V + 


,<*) 




K)<pIV’ 


(74) 


- For (1+3) -dimensional space-time we have: 


'F 


R 


R per 1 0 


~ Rio ~ 

Rpa-20 


F 20 

R per 3 0 


P 

1 30 

0 

, V F. = 

0 

Rpcr 23 


F 23 

Rpcr3l 


n 

Rpcr\2 


n 

_ <PpV _ 


(p (F - 



-(V„ + 

-(A + 


,<*> 

l 0 


n 

u (F) 

rl 0 


h 


k v )(p (F) ; 


(75) 


- For (1+4) -dimensional space-time we get, 


R pcrlO 


~ R 0 " 

R pcr 02 


F 02 

R per 30 


P 

1 30 

0 


0 

R 


F 

X p <7 04 


1 04 

0 


0 

0 


0 

0 

, *F f = 

0 

0 


0 

R per 43 


R A 3 

R per 42 


n 

R pcrA 1 


R A 1 

R 


F 

1 '-pcr 32 


± 32 

R per 31 


R 31 

R peril 


R 2 1 

<P (R) 

r per 


f p (F) 


J iR) =-(V + 

ptTV V V 

J[ F) = ~(D v + 


A R ) 


An 


n 


k W*\ 

v St per ’ 

K)<p (F) ; 


( 76 ) 
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- For (1+5) -dimensional space-time we obtain: 



where in the relations (73) - (77), J[ F) a and J\ F) are the source currents expressed, necessarily, in terms of 
the covariant quantities (p^ and (p F) (as the initially given quantities), respectively. For higher- 
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dimensional space-times, the column matrices x i ) R and X Y r (with similar formulations) are determined 
uniquely as well. 

3 - 4 - 2 . From the field equations (71) and (72) (derived uniquely with certain matrix formalisms 
compatible with the Clifford and Weyl algebras), the following general covariant field equations, with 
ordinary tensor formalisms, are obtained ( but not vice versa), respectively: 


V A R pauv + ^ u R pavA + ^v R paAu ~ T^Rporv + T \ftpcnl + T \l R p 


< 


v „v" /m„R 


pv _ _ J 
p~~p<j per 


(R)v . 


dp -(X r p +r p )-(d r ' 5 +r p r A i 

A Av L \ u p L or +i Ap l ov ) ’ 


(J/UV 


fl (TV 


AR) 


c T mv ^{ gm k v - gn ,k u ). 


and 


i (R) 

l o 

2 n 


(78-1) 

(78-2) 

(78-3) 


D A F pv + D ju F vA + D v F An ~ 0’ 


v 1 AjU 


. 


D M F pv = -r 


F=D V A-DA , 


Jl F> =-(D v 


im, 


p 
( F ) 


im, 


(F) 


fl 


°—K)<P (F \z=^-{ g k- grv k\ 


in 


(79-1) 

(79-2) 


(79-3) 


where r p is the affine connection: F p = T p — K p , T is the Christoffel symbol (or the torsion- 
free connection), K p is the contorsion tensor defined by: K — (im ( 0 R) /2fi)g ^k a (that is anti- 
symmetric in the first and last indices), T is the torsion given by: T pa/J = K — K pcjp (that generates 
the invariant mass of the gravitational field), k p = (cj g°° ,0,...,0) (where we supposed c = 1) is the 

covariant velocity of particle (or the static observer) in the stationary reference frame, and A u is the gauge 
potential vector field. Moreover, in general covariant field equations (79-1) - (79-3), the covariant 
derivative D has been defined specifically with the torsion field Z v (generating the invariant mass of 

gauge field strength tensor F ). 

It should be emphasized again that the tensor field equations (78-1) - (78-3) and (79-1) - (79-3) (which 
are obtained respectively from the original equations (71) and (72), but not vice versa ) show merely the 
general covariance formalism (including torsions fields T T andZ r pv ) of the axiomatically derived field 

equations (71) and (72). The crucial issue here is that the original field equations (71) and (72) could not 
be obtained from the tensor equations (78-1) - (78-3) and (79-1) - (79-3). In fact, the tensor equations 
(78-1) - (78-3) and (79-1) - (79-3) don ’t represent completely the definite matrix formalism (compatible 
with certain Clifford and Weyl algebras) of the axiomatic field equations (71) and (72). Hence, based on 
this mathematical axiomatic formalism and derivation approach of equations (71) and (72) (presented in 
Sections 3-3 - 3-4-1), it is concluded that the fundamental force fields of physics cannot be described 
completely via the ordinary tensor representations of these fields (in the current standard classic and 
quantum relativistic field theoretic formalism of physics), such as the representations (78-1) - (78-3) and 
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(79-1) - (79-3); and as shown in Sections 3-3 - 3-4-1, on the basis of this new mathematical formalism, 
all the fundamental force fields of physics could be represented (and described) solely by the 
axiomatically determined and formulated field equations (71) and (72) with their definite covariant matrix 
formalisms (given and specified by formulas (65) - (70) for various space-time dimensions, compatible 
with certain Clifford and Weyl algebras). 

3-4-2-1. Derivation of the Einstein field Equations 


Along with the massive gravitational field equations (78-1) - (78-3) (obtained uniquely from the 
originally derived field equations (71)) that are expressed solely in terms of R fj vpa as the field strength 


tensor and also torsion’s depended terms, we also assume the following relation as basic definition for the 
Ricci tensor (where the Riemann curvature tensor and Ricci tensor don’t obey the interchange 
symmetries: R^ vpa A R oauv , R uv * R vu , because of the torsion [28]): 

(V.+ 


* 

R Atf 

' pcr/i v ’ 

n v v/j. 

• (/?) 


un {) 

K)Rp V ° 

n 


= (V v + 


im, 


uo 


h 




(R) 




(78-4) 


where the relation (78-4) particularly remains unchanged by the transformation: 


R MV ^R MV + Ag MV (78-5) 

(where as would be shown, A is equivalent to the cosmological constant). It should be noted that by 
taking A = 0, from the 2 nd Bianchi identity of the Riemann curvature tensor and relation (78-4) it could 


be shown that the Ricci tensor is also the contraction of the Riemann tensor, i.e. R v = R° va (which is 


equivalent to the ordinary definition of the Ricci tensor). However, this ordinary definition for the Ricci 
tensor, necessarily, doesn’t imply the above transformation. In fact, in the following, we show that this 
basic transformation is necessary for having the cosmological constant in the gravitational field equations 
(including the Einstein field equations which could be derived from the above equations and relations) 
expressed in terms of the Ricci and stress-energy tensors. As a direct result, a unique equivalent 
expression of gravitational field equations, in terms of the Ricci tensor R and stress-energy tensor T /JV , 

could be also determined from the basic definition (78-4) (for Ricci curvature tensor, based on this 
axiomatic formalism), and field equations (78-1) - (78-3), along with the following expression for current 

J'JH (defined in terms of the stress-energy tensor T v , T(— T ,J f , ) , and metric g , in D-dimensional 


space-time): 


C=-8*[(V 0 


im, 


(«) 




<*) 


-kJT 

P ' <71 


im, 


(R) 


im, 


(R) 
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where T u v -t T vn for m[ R> ^0, B = 0 for D- 1,2, and B = l/(D-2) for D > 3 . , the Einstein field 
equations (as the massless case) are determined directly as follows: 


R 


pv 


-^( T MV -BTg MV )-Ag MV 


(78-7) 


3-4-3. Showing that magnetic monopoles could not exist in nature. As a direct consequence of the 
uniquely derived general covariant field equations (72) that are specified by the matrices (73) - (77) and 
(65) - (70) (or the general covariant field equations (79-1) - (79-3) obtained from the original equation 
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(72)), which , in fact, represent the electromagnetic fields equivalent to a generalized massive form of the 
Maxwell’s equations (as well as a generalized massive form of the Yang-Mills fields corresponding to 
certain gauge symmetry groups, see Sec. 3-6), it is concluded straightforwardly that magnetic 
monopoles could not exist in nature. 

3-4-4. On the local gauge invariance of uniquely derived new general covariant massive (matrix) 
forms of the Maxwell’s (and Yang-Mills) and Dirac equations. 

The Lagrangian density specified for the tensor field F in the field equations (79-1) - (79-3) is 
(supposing j <£> = o )[58]: 

L^ F) =-(l/4^)F*^F MV (80) 

where g is the metric's determinant. Moreover, the trace part of torsion field Z in (79-3) is obtained as: 

Z^„ = Z, = N( im ( 0 F> /2h )k v = Nak v (81) 

• ( F ) 

Iffl 

where (l+N) is the number of space-time dimensions and a - — 5 — ■ Now based on the definition of 

2 h 

covariant vector k u (as a time-like covariant vector), we simply get: 3tp: k v = d v (p . This basic property, 
along with and formula (81), imply the general covariant massive field equations (79-1) - (79-3) 
(formulated originally with the torsion field (79-3) generating the invariant mass m[ F) of field F ), and 

the corresponding Lagrangian density (80), be invariant under the U(l) Abelian gauge group [9, 58, 60- 
63]. However, in Sec. 3-6, we show that assuming the spin-1/2 fermion fields (describing generally by the 
field equation (110-9) compatible with specific gauge symmetry group (110-12), as shown in Sec. 3-6-1- 
2) and their compositions as the source currents of the (1+3) -dimensional cases of general covariant 
massive field equation (72) (describing the spin-1 boson field), then this field equation would be invariant 
under two types of gauge symmetry groups, including: SU(2) L ®U(2) R and SU(3), corresponding with a 
group of seven bosons and a groups of eight bosons (as shown in Sec. 3-6-3-2). 

3-4-5. Identifying a new particular massive gauge boson. 

According to Refs. [60 - 63], in agreement with the recent astronomical data, we can directly establish a 

im <F) 

lower bound for a constant quantity which is equivalent to the constant a = — 2 — (defined by the 

2/z 

relation (80)) as: \a\ > 21 . Hence, a new massive particle (corresponding to the U(l) symmetry group) 
would be identified with the invariant mass: 

m y » 4.9057 lxlO' 50 kg (82) 

that is generated by a coupling torsion field of the type (79-3) of the background curved space-time. 
In addition, it should be noted that, in general, based on the covariant massive field equations (71) and 
(72) derived by our axiomatic approach (or field equations (78-1) - (78-3) and (79-1) - (79-3) obtained 
from (71) and (72)), the invariant masses of the elementary particles are generated by torsion fields of the 
types (78-3) (for spin-3/2 and spin-2 particles) and (79-3) (for spin-1/2 and spin-1 particles, see Sec. 3-6). 
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Hence, this approach could be also applied for massive neutrinos concluding that their masses are 
generated by the coupling torsion fields (of the type (79-3)). Such massive particle fields coupled to the 
torsions (of the type (79-3)) of the background space-time geometry could be completely responsible for 
the mysteries of dark energy and dark matter [75], 

3-5. Quantum Representations of C, P and T Symmetries of the Axiomatically Derived 
General Covariant Massive (tensor) Field Equations (71) and (72): 

As it has been shown in Sections 3-3, 3-3-1, 3-3-2, 3-4 and 3-4-1, the general covariant massive 
(tensor) field equations (71) and (72) as the unique axiomatically determined equations (representing 
the fundamental field of physics, as assumed in Sec. 3-1), are represented originally with definite 
matrix formalisms constructed from the combination of two specific matrix classes including the 
column matrices (73) - (77),... compatible with the Weyl algebras (based on the isomorphism (71-1) 
- (72-1)), and the square matrices (65) - (70),... that are compatible with the Clifford algebras and 
their generalizations; see Sections 3-3, 3-3-1, 3-3-2 and 3-4-1 and also Appendix A for detail). 

In agreement with the principles of relativistic quantum theory [35], and also as another primary 
assumption in addition to the basic assumption (3) defined in Sec. 3-1, we basically represent the C, 
P and T symmetries of the source-free cases of by the following quantum matrix operators (with the 
same forms in both flat and curved space-time), respectively: 

(Note: In Sec. 3-5-3, we show that only a certain simultaneous combination of the C, P and T 
transformations could be defined for the field equations (71) and (72) with non-zero source currents.) 


(1)- Parity Symmetry (P-Symmetry): 


P = y p = 


-I 0 

0 I 


(83) 


where / is the identity matrix, and the size of matrix y F in ( 1 +1V) -dimensional space-time is 2 ,v x 2 N . 
The operator P obeys the relations: 

det(P) = -1, P 2 = 1, p = p- l =p*=p T (83-1) 


(2)- Time-Reversal Symmetry (T-Symmetry): 


T = T 0 K = iy p y Ch K (84) 

r ' p 

where the operator K denotes complex conjugation, the operator y defined by formula (83) and the 
operator y Lh in (1+1) and (1+2) space-time dimensions, is given by: 


y 


Ch 


0 I 

1 0 


and in (1+3) and higher space-time dimensions, y ch is denoted by: 

0 il~ 


r Ch = 


-il 0 


(84-1) 


(84-2) 
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where the size of matrix y Lh in (1+AO -dimensional space-time is: 2 V x2' v . Moreover, in (1+1) and (1+2) 

space-time dimensions, the time reversal operator T (84) and the Hermitian operator T 0 = iy P y Ch 
(specified in the formula (84)) obey the relations: 

T 2 =-l, f 0 =f 0 - 1 =f 0 *=-f 0 r , (84-3) 

and in (1+3) and higher space-time dimensions, T and T l} obey the relations: 

T 2 =l f Q =T Q - 1 =T q * =T 0 t (84-4) 

Concerning the time reversal symmetry, it should be noted that the relations (84-3) are solely compatible 
with the fermionic fields, and relations (84-4) are solely compatible with the bosonic fields. In addition, it 
should be noted that these basic quantum mechanical properties (i.e. the relations (84-3) and (84-4)) of the 
time reversal symmetry (84), are fully compatible with corresponding properties of the field tensors F pv 

and R pa/UV presented in Sec. 3-6, where the tensor field F uv (describing by general covariant field 

equation (72)) represents (asymptotically) solely a massive bispinor field of spin- 1/2 particles (as a 
new general covariant massive formulation of the Dirac equation) in (1+2) space-time dimensions, 
and also represents a massive bispinor field of spin-1 - as new massive general covariant (matrix) 
formulations of both Maxwell and Yang-Mills field equations compatible with specified gauge 
symmetry groups - in (1+3) space-time dimensions; and tensor field /? (describing by general 

covariant field equation (71)) represents (asymptotically) solely a bispinor field of spin-3/2 particles 
(as a new massive general covariant form of the Rarita-Schwinger equation) in (1+2) space-time 
dimensions , and also represents a massive bispinor field spin-2 particles (equivalent to a generalized 
massive form of the Einstein equations) in (1+3) space-time dimensions. 

(3)- Charge Conjugation Symmetry (C-Symmetry): 

(% ) c = CV R = ilt ¥ R , C¥ f ) c == OV F = UKW f (85) 

~ 'V /V 

where C — ilK , I is the identity matrix, the operator K denotes complex conjugation, and the charge 
conjugation operator C defined by: ( v f' K ) c = ) T , ('Y , = C(‘t 7 f ) T . The charge conjugation operator 

C obeys the following relations: 

CC* = 1, C = -C ' =-C* =C J (85-1) 

As a basic additional issue, it is worth to note that the time -reversal operator (84) could be also expressed 
basically in terms of the parity matrix operator y P (83), matrix operator C = UK given in the definition 

of charge-conjugated transformation (85), and matrix y f/ ' defined by formulas (84-1) and (84-2), as 
follows: 

y p y ch C=T (85-2) 

where we have: y p y ch = —y ch y P ■ 

3-5-1. Basic Properties of Matrix (operator) y Ch (defined by formulas (84-1) and (84-2)): 
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In this Section, the main properties of matrix operator y Lh (defined by unitary matrices (84-1) and 
(84-2)) hav been presented. Each of general covariant (tensor) field equations (71) and (72) (including 
their source-free and non source-free cases), as a system of differential equations, is symmetric and 
has the same spectrum by multiplying by matrix y ch . The multiplied column matrices q+ c,I) = r Ch ^ R 
and = y ch W F then obey the equations (71) and (72), respectively, but with opposite sign in 

mass term such that: (iha^V M +m,Q R) a M k ju ) x Vf h) =0, (iha" s 7 /i + m () F> a M k fi ) x \ )( f h> =0. 

As a general additional issue concerning the column matrices T '/ h) = y ( hx ¥ R and v F‘ < ,n = y a ’ x ¥ p , 
should be also added that the sign change of the mass terms introduced in the field equations (7 1 ) and 
(72) is immaterial (the same property also hold for the ordinary formulation of Dirac equation, and so 
on [32]). In other words, the field equations (71) of the form (iha^V fl ±m < 0 R> a fJ k^) x i J R = 0 are 

equivalent, and similarly the field equations (72) of the form (ifia M V ± m ( 0 F) a fl k /J ) x ¥ F = 0 would be 

equivalent as well. However, since the algebraic column matrix S in the matrix equation (64) 
(derived and represented uniquely in terms of the matrices (66) - (70),... corresponding to various 
space-time dimensions), is not symmetric by multiplying by matrix y cb (84-1) and (84-2) (except for 
(1+2) and (l+3)-dimensional cases of column matrix 5 , based on the definite algebraic properties of 
matrix S presented in Sections 3-3, 3-3-1, 3-3-2), it is concluded that except the (1+2) and (1+3)- 
dimensional cases of the fundamental field equations (71) and (72), these field equations could not be 
defined with the column matrices of the types X V^ K) {= y Chx V R ) and y chx V F ) (if assuming 

that the column matrices x i> R and q> F are defined with field equations (71) and (72), i.e. they have 
the formulations similar to the formulations of originally derived column matrices (73) - (77),... 
corresponding to various space-time dimensions). This conclusion follows from this fact that the 
filed equations (71) and (72) have been derived (and defined) uniquely from the matrix equation (64) 
via the axiomatic derivation approach (including the first quantization procedure) presented in 
Sections 3-4, 3-4-1. In Sec. 3-5-2, using this property (i.e. multiplication of column matrices q^ and 

q^, defined in the fundamental field equations (71) and (72), by matrix y ch (84-1) and (84-2) from 
the left), this crucial and essential issue would be concluded directly that by assuming the time- 
reversal invariance of the general covariant filed equations (71) and (72) (represented by the 
transformations F P¥ R and Y F , where the quantum operator T is given uniquely by formula (84), 

i.e.: T = T 0 K = iy P y ch K ), these fundamental field equations could be defined solely in (1+2) and 

(1+3) space-time dimensions (with the column matrices of the forms (96-1) and (98-2), respectively). 
Subsequently, in Sec. 3-5-3, , it would be also shown that only a definite simultaneous combination 

* a a 

of all the transformations C, P , T and also matrix y 1 (given by quantum operators (83) - (87)) 
could be defined for the field equations (71) and (72) with non-zero source currents. In addition, the 
matrix operator y ch in (1 + 1) and (1+2) space-time dimensions obeys the relations: 

(, y Ch f = i, y c " = (r c V = ( y Ch T = (y Ch ) T , (86) 

and in the (1+3) and higher dimensions obeys the following relations as well: 
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( 87 ) 


(r a ') 2 = i, y Ch =(y Ch r 1 =(r Ch Y =-(r c ") T 

Furthermore, in Sec. 3-5-4, the matrix y ch would be also used basically for defining and representing 
the left-handed and right handed components of the column field matrices 4^ and 4^ defined 
originally in the field equations (71) and (72). 

3 - 5 - 2 . Showing that the universe could be realized solely with the (1+2) and (l+3)-dimensional 
space-times: 

The proof of this essential property of nature within the new mathematical axiomatic formalism presented 
in this article, is mainly based on the T-symmetry (represented basically by quantum matrix operators 
(84)) of the fundamentally derive general covariant field equations (71) and (72). As shown in Sec. 3-5, 
the source-free cases (as basic cases) of field equations (71) and (72) are invariant under the time -reversal 
transformation defined by matrix operator (84). Moreover, in Sec. 3-5-3, it would be also shown that 
these field equations with non-zero source currents are solely invariant under the simultaneous 

transformations of all the C, P , and T (83) - (85), multiplied by matrix y ’ (given by formulas 
(84-1) and (84-2)). Now, following the definite mathematical formalism of the axiomatic derivation 
approach of fundamental field equations (71) and (72), assuming that any column matrix X R , or Y h , 
expressible in the tensor formulation of general covariant field equation (71) or (72), is basically 
definable, if and only if, it could be also derived originally as a column matrix via the axiomatic 
derivation approach presented in Sections 3-4 and 3-4-1. 

On this basis, it could be shown that the time -reversal transformed forms of the column matrices q> /; 
and q* F given in the expressions of source-free cases of field equations (71) and (72), are definable 
solely in (1+2) and (l+3)-dimensional space-times. Based on this result, along with the basic 
assumption (3) in Sec. 3-1, it is concluded directly that the universe could be realized solely with the 
(1+2) and (l+3)-dimensional space-times. We show this in the following in detail. 

As noted, in fact, the above conclusion follows directly from the formulations of uniquely determined 
time -reversal transformed forms of column matrices q» R and r given in the expressions of source- 
free cases of field equations (71) and (72). Denoting these column matrices by >k a , =T x Y r and 

)K f = T¥ F , where the time -reversal operator (84) is defined by: T = T Q K = iy P y ch K , they would be 
determined as follows in various dimensions: 


- For (l+l)-dimensional space-time we have: 

3K* (x, t ) = T¥ r (x, t) = TX< ( x , t) = 


r o i 


0 

i 

o 

* s. 

2_i 

, yK F (x,t) = r N' F (x,t)=fX(x,t) = 

jF* 0 (x,t)_ 


; ( 88 ) 


- For (l+2)-dimensional space-time it is obtained: 
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- For (1+3) -dimensional space-time we get: 



- For (1+4) -dimensional space-time we have: 
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- For (1+5) -dimensional space-time we obtain: 


■K R ( x,t ) = T¥ R ( x,t ) = T 0 %( x,t ) = 


0 


0 

0 


0 

0 


0 

-iR'paJxj) 


-iF// x,t ) 

0 


0 

-i R, pa 5 / X > f ) 


-iF s */ x ,t) 

- iRt pc 2 5 ( X >t) 


-iF// x,t) 

~i R la5l( X >t) 


~ iF 5 i( x,t) 

0 


0 

-iR'riJ x ’ { ) 


-iF// x ,t) 

-i R *p*J x >t) 


-iF// x,t ) 



-iF// x,t) 

-iR^x.t) 


- iF// x,t ) 

-i R lau( X ’ f > 


-iF// x,t ) 

~i R la 2 l( X >t) 


-iF// x ,t ) 

0 

, ■K F (x,t) = r h‘ F (x,t) = TX F (x,t) = 

0 

i R *paJ X ’0 


iF,*/ x,t ) 

iR *pa2 0 ( X ’O 


iF '// x,t ) 

i R *pa3o( X ’0 


iF*/ x,t ) 

0 


0 

iR l* J X >*) 


iF // x,t) 

0 


0 

0 


0 

0 


0 

i R ]„5»( x ’0 


iF*/ x,t) 

0 


0 

0 


0 

0 


0 

0 


0 

0 


0 

0 


0 

0 


0 


(92) 


Now based on the formulations of the derived time -reversal transformed column matrices >K R and )K F 
(88) - (92), although they could be expressed merely in the tensor formulations of field equations (71) 
and (72), however, except the (1+2) and (l+3)-dimensional cases of these transformed column matrices, 
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all the other cases cannot be derived originally as a column matrix via the axiomatic derivation approach 
presented in Sections 3-4 and 3-4-1 (following the formulation of originally derived column matrices (73) 
- (77)). Below this conclusion (and subsequent remarkable results) is discussed in more detail. 


In addition, it is also worth to note that on the basis of our derivation approach, since there are not the 
corresponding isomorphism (that could be represented by the unique mappings (71-1) and (72-1), in Sec. 
3-4-1) between the entries of column matrices >K R and 5K F (88), (91), (92),... and the entries (with the 


exactly same indices) of column matrix S (in the algebraic matrix equation (64), where its last entry, i.e. 
arbitrary parameter “ 5 ” is zero compatible with the source-free cases of the field equations (71) and 
(72)) that are given uniquely as follows in (1+1) and (1+4), (1+5),... and higher space-time dimensions, 
respectively, using the definitions (66) - (70),... (in Sec. 3-3), and also the algebraic properties of 


column matrix S (presented in Sections 3-3-1 and 3-3-2) representing in terms of two half-sized 2 N 1 x 1 

~ S'~\ 

(where u 0 ,u l ,u 2 ,u 3 ,...,u N ,v 0 ,v l ,v 2 ,v 3 ,...,v N ,w are arbitrary 
S 


column matrices S' and S" such that: S = 


parameters): 

- For (l+l)-dimensional space-time we have: $ = 

- For (1+4), (l+5)-dimensional space-times we get, respectively: 


5' 


(M 0 Vj -MjV 0 )w 

S" 


0 


(U Q \\ -UyV^W 





(u 0 v 1 - u t v 0 )w 

(w 2 v 0 -u 0 v 2 )w 


(u 0 v 2 - u 2 v 0 )w 

( U 0 v 3 -u 3 v 0 )w 


(«0 v 3 - H 3 V o) W 

0 


0 

(w 4 v 0 -u Q v 4 )w 


(«0 v 4 - «4 V o) W 

0 


0 

0 


0 

0 


“S'" 


0 

0 

; 5 = 


,S' = 



S" 


(u 0 v 5 - u 5 v Q )w 

(« 3 v 4 - w 4 v 3 )w 


0 

(u 2 v 4 - u 4 v 2 )w 


0 

(MjV 4 -m 4 v 1 )w 


0 

(u 2 v 3 —u 3 v 2 )w 


0 

(WjV 3 — W 3 Vj )w 


0 

(WjV 2 — w 2 Vj)m 


0 

0 


0 


0 

0 

0 


(«5 v 4 

— u 

4 v 5 )w 


0 


(m 3 v 5 

— u 

5 v 3 )w 

(u 5 v 2 

— u 

2 v 5 )w 

(m,v 5 

— u 

5 Vi)w 


0 


(u 4 v 3 

— u 

3 V 4 )m 

(«2 V 4 

— u 

4 V 2 )n’ 

(«4 V 1 

— u 

lV 4 )w 

(m 2 v 3 

— u 

3 v 2 )w 

(m 3 v, 

— u 

,V 3 )W 

(«iV 2 

— u 

2 Vi)m 


0 



(93) 


(94) 


it would be directly concluded that in (1+1) and (1+4), (1+5),... and higher space-time dimensions, the 
column matrices Ai R and 7K F could not be defined as the column matrices in unique formulations of the 
axiomatically derived general covariant field equations (71) and (72). In other words, for the (1+2)- 
dimensional cases of the transformed column matrices >K R and >l{ ; (89). the corresponding isomorphism 
(represented uniquely by the mappings (71-1) and (72-1)) could be defined between the components of 
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these matrices and the entries of column matrix S (67), for s = 0 (compatible with =0, (p"' =0), if 


and only if: iR* 02 ( x,t) = 0and iF’ n (x,t) = 0. This could be shown as follows: 


/ 

s = 

(M 0 V, -u { v 0 )w 
( u 2 v 0 -U 0 v 2 )w 
(iqVj -u 2 v l )w 

Derivation Procedure 
(First Quantizatbn) 

h+ 5K R = 

-iR^Jxp) 

0 

iR'pa io(*.0 

, *,= 

-iF 2l (x,t) 

0 

iFio(x,t) 

\ 

V 

0 


iR ’pc 02 (-M) _ 


W* 2 (x,t) _ 

/ 


u 2 v 0 -u 0 v 2 =0, 

(jc, r) = 0, iF ( ' 1 (x,t) = Q. 


(95) 


where for appeared parametric condition: u 2 v 0 -w 0 v 2 = 0, as it would be shown in Sec. 3-5-2-1, it could 
be supposed solely: u 2 -v 2 , v Q -u Q , implying conditions: R /Xt02 = 0 and F 02 = 0, which could be 
assumed for the field strength tensors /? v and F fiv in (l+2)-dimensional space-time (without vanishing 
these tensor fields), based on their basic definitions given by formulas (71-1) and (72-1). 

Hence, definite mathematical framework of our axiomatic derivation approach (presented in Sec. 3-4), in 
addition to the time -reversal invariance (represented by the quantum operator (84)) of source-free cases of 
general covariant field equations (71) and (72), imply the (1+2) -dimensional case of column matrices TV 
and TV given by relations (74) (where we assumed <-/>'*' =0, (p 1 1 =0), could be given solely as follows, 

to be compatible with the above assumed conditions (i.e. being compatible with the mathematical 
framework of axiomatic derivation of field equations (71) and (72), and also the time -reversal invariance 
defined by quantum operator (84)), and consequently, as the column matrices could be defined in the 
formulations of the fundamental tensor field equations (71) and (72), respectively: 



1 

o 

S. o 

(< 

1 


o 2b 

o 

1 

II 

9- 

1 

>) 

0 ^ 

1 

ii 

9- 

F 21 

0 


(96) 


The formulations (96) that are represented the column matrices TV and TV in the field equations (71) and 
(72) compatible with the above basic conditions, are also represented these matrices in the field equations 
(71) and (72) with non-zero source currents compatible with two basic conditions (similar to above 
conditions) including a unique combination of the C, P and T symmetries (that have been represented by 
quantum operators (83) - (85)) for these cases of field equations (71) and (72), and also the mathematical 
framework of axiomatic derivation of equations (71) and (72). In fact, as it has been shown in Sec. 3-5-1, 
the field equations (71) and (72) with non-zero source currents could have solely a certain combination 
(given by formulas (86) and (87)) of the C, P and T symmetries (that are represented by the operators 
(83), (84) and (85)). This unique combined symmetry in addition to the unique formulations (96) of 
source-free cases of column matrices TV and TV in (l+2)-dimensional space-time, implies these matrices 
could take solely the following forms to be defined in the formulations of the fundamental tensor field 
equations (71) and (72) (with non-zero source currents): 
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(96-1) 




R 


R pal 0 


~ fA 

0 

, 'F„ = 

0 

R pall 

’ r 

F 1 



„(*■) 

L Vpv J 


( P 


A R ) 


r( R ) 
** perv 


J! F> = 


-(V v +- 
-{D v + 


K)<p, 


( R ) 


AF) 


K)<p 


(F) 


In the same manner, concerning the (l+4)-dimensional cases of column matrices >K R and >|{ ; (91), there 
would be a mapping between the entries of these matrices and entries (with the same indices) of algebraic 
column matrix S (69), where s = 0 (compatible with <p <F J =0, (p' F] =0), if and only if: iR* l0 (x,t) = 0, 

iR laA x ,t) = °’ ^ 31(^0 = 0, iR* XT2l (x,t) = 0JF* Q (x,t) = 0, iF* { (x,t) = 0, iF 3 \(x,t ) = 0, iF* t (x,t) = 0, i.e.: 
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Mj = 0, V, = 0, 

iR 'po 10 (*T) = 0, iF’ 0 (x,t) = 0 , 
iR'pa 2 i(x,t) = 0, iF 2l (x,t) = 0, 
iR ’fXT3l(X’ t )= 0, ^‘(-M) = 0, 
iR'prAXyt) = 0, iF 4t (x,t) = 0. 


(97) 


This means that in (1+4) space-time dimensions, the mathematical framework of our axiomatic derivation 
approach (described in Sec. 3-4) in addition to the time reversal invariance (defined by the quantum 
operator (84)) of the source-free case of the derived general covariant fundamental field equations (71) 

and (72) imply the column matrices 'P# and T/ (76) (for (p ( ^ =0, ([) ' ' =0) could take solely the 
following forms (in general) to be defined in the formulations of the field equations (71) and (72): 
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(98) 


which are equivalent to the (l+3)-dimensional source-free cases of column matrices 'Fr and 4V 
(represented uniquely by formulas (75)) 

In addition, similar to the formulations (96-1), as it has been shown in Sec. 3-5-1, the field equations (71) 
and (72) with non-zero source currents have a certain (and unique) combination of the C, P and T 
symmetries (that have been defined by the operators (83), (84) and (85)). This combined symmetry in 
addition to the forms (98), imply also the (l+4)-dimensional cases of column matrices TV and TV 
represented by formula (76) could take solely the following forms (in general) to be defined in the 
formulations of fundamental field equations (71) and (72): 


0 


0 

Rpa02 


F 

1 02 

Rpa30 


F 

1 30 

0 


0 

Rpa04 


F 

1 04 

0 


0 

0 


0 

0 

, = 

0 

0 

’ F 

0 

Rpa43 


R 43 

Rpa42 


R 42 

0 


0 

Rpa32 


F 

1 32 

0 


0 

0 


0 




L ^ J 


(p 


/ («> _ 
J pcrv 


A R ) 


-<v,+- 


j { : } = -(D v + 


im. 


(F) 


k v )<P 

K)<P 


(R) 


(F) 


(98-1) 
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Consequently, the (1+4) -dimensional cases of column matrices 'Fr and T/ that are originally given by 
formulations (76), are reduced to formulas (98-1) which are equivalent to the (l+3)-dimensional cases of 
these matrices (given originally by column matrices of the forms (75)), i.e.: 
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(98-2) 


Moreover, as it would be also noted in Sec. 3-6, it is noteworthy to add that the tensor field R in 

column matrix V F S (98-2) (expressing the general representation of column matrices definable in the 
formulation of (1+3) -dimensional case of general covariant field equation (71)), in fact, equivalently 
represents a massive bispinor field of spin-2 particles in (1+3) space-time dimensions (which could be 
identified as a definite generalized massive matrix formulation of the Einstein gravitational field, as it has 
been also shown in Sec. 3-4-2), and the tensor field F p v in the column matrix 4V (98-2) (expressing the 

general representation of column matrices definable in the formulation of (1+3) -dimensional case of 
general covariant field equation (72)), in fact, equivalently represents a massive bispinor field of spin-1 
particles in (1+3) space-time dimensions (which could be identified as definite generalized massive 
formulation of the Maxwell electromagnetic field, as it has been also shown in Sections 3-4-2 and 3-4-4; 
and also Yang-Mills fields compatible with specific gauge groups, as it would be shown in Sec. 3-6). 

Summing up, in this Section (Sec. 3-5-2) we showed that the axiomatic approach of derivation of the 
field equations (71) and (72) (described in Sections 3-1, 3-3 and 3-4) in addition to their time reversal 
invariance (represented basically by the quantum operator (84)), imply these fundamentally derived 
equations could be solely defined in (1+2) and (1+3) space-time dimensions. “ Hence , based on the 
later conclusion and also the basic assumption (3) ( defined in Sec. 3-1), we may conclude 
directly that the universe could be realized solely with the (1+2) and (1+3 )- dimensional 
space-times, and cannot have more than four space-time dimensions 

Based on the axiomatic arguments and relevant results presented and obtained in this Section, in the 
following Sections we consider solely the (1+2) and (l+3)-dimensional cases of general covariant field 
equations (71) and (72) that are defined solely with the column matrices of the forms (96-1) and (98-2). 


3 - 5 - 2 - 1 . Equivalent (asymptotically) representations of the bispinor fields of spin-3/2 and 
spin-1/2 particles, respectively, by general covariant field equations (71) and (72) (formulated 
solely with column matrices of the types (96-1)) in (1+2) space-time dimensions: 

It is noteworthy that according to the Ref. [29] and also based on the basic properties of the Riemann 
curvature tensor R in (1+2) space-time dimensions [64] (in particular the identity: 
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/? =£ “ s^ v fj^ a , where G p u is the Einstein tensor and ), it would be concluded that R pcj/uv which is 

defined by (l+2)-dimensional case of the general covariant massive field equation (71) (which could be 
defined solely with a column matrix of the type (96-1)), represents asymptotically a general 
covariant bispinor field of spin-3/2 particles (that would be asymptotically equivalent to the Rarita 
Schwinger equation). In a similar manner, according to the Ref. [29], and also following the basic 
properties of field strength tensor F in (1+2) space-time dimensions (that as a rank two anti-symmetric 

with three independent components holding, in particular, the identities: F uv = £ um T a , T" =(l/2)s aMV F fJV , 

showing that F , could be represented equivalently by a vector T a with three independent components as 

well) it would be concluded that F which is defined by (l+2)-dimensional case of the general 

covariant massive (tensor) field equation (72) (which could be defined solely with a column matrix of the 
type v fV (96-1)), represents asymptotically a general covariant bispinor field of spin-1/2 particles (that 
would be asymptotically equivalent to the Dirac equation [29]). Furthermore, as it would be shown in 
Sec. 3-6, the general covariant field equations (72) (representing asymptotically the spin- 1/2 fermion 
fields) is also compatible with the SU(2) L (8>U(2) R symmetry group (representing “1+3” generations for 
both lepton and quark fields including a new charge-less fermion). 

3 - 5 - 2 - 2 . Equivalent representations of the bispinor fields of spin-2 and spin-1 particles, 
respectively, by general covariant field equations (71) and (72) (defined solely with column 
matrices of the types (98-2)) in (1+3) space-time dimensions: 

It should be also note that according to the Refs. [31 — 36], the basic properties of the Riemann curvature 
tensor including the relevant results presented in Sec. 3-4-2 , it would be concluded that the field strength 
tensor /? (i.e. the Riemann tensor) the in (1+3) space-time dimensions by general covariant 

massive (tensor) field equation (71) (formulated solely with a column matrix of the type 'P r (98-2)), 
represents a general covariant bispinor field of spin-2 particles (as a generalized massive formulation 
of the Einstein gravitational field equation). In a similar manner, according to the Refs. [31 - 36], the 
field strength tensor F , which is defined in (1+3) space-time dimensions by the general covariant 

massive (tensor) field equation (72) (formulated solely with a column matrix of the type 4V (98-2)), 
represents a general covariant bispinor field of spin-1 particles (representing new generalized 
massive formulations of the Maxwell’s equations, and also Yang-Mills field equations). Furthermore, 
as it would be shown in Sec. 3-6, the general covariant field equations (72) (representing the spin-1 
boson fields coupling to the spin- 1/2 fermionic currents) is also compatible with the SU(2)l®U(2)r 
and SU(3) symmetry groups. 

Moreover, based on these determined gauge symmetries for the derived fermion and boson field 
equations, four new charge-less spin- 1/2 fermions (representing by “z e , z n ; z u , Zd”, where two right- 
handed charhe-less quarks z u and z d emerge specifically in two subgroups with anti-quarks such that: 
(s, u, b, z u ) and (c, d, t, z d )), and also three new massive spin-1 bosons (representing by 

”W + ,W ,Z ", where in particular Z is the complementary right-handed panic Ic of ordinary Z 
boson), are predicted uniquely by this new mathematical axiomatic approach. 
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3 - 5 - 3 . Showing that only a definite simultaneous combination of the quantum mechanical 

A A /V 

transformations C , P , T and y ' (given uniquely by the matrix operators (83) - (87)) could be 
defined for the general covariant massive (tensor) field equations (71) and (72) with non-zero 
source currents: 

As it has been shown in Sections 3-5-1 and 3-5-2, since the algebraic column matrix S in the matrix 
equation (64) (derived and represented uniquely in terms of the matrices (66) - (70),... 
corresponding to various space-time dimensions), is not symmetric by multiplying by matrix y ch (84- 
1) and (84-2) (except for (1+2) and (l+3)-dimensional cases of column matrix 5, based on the 
definite algebraic properties of matrix S presented in Sections 3-3, 3-3-1, 3-3-2), it is concluded that 
except the (1+2) and (1+3) -dimensional cases of the fundamental field equations (71) and (72), these 
field equations could not be defined with column matrices of the type 'V' F a " (= y Chx V R ) and 
) (if assuming that the column matrices X V R and W F are defined with field equations 
(71) and (72), i.e. they have the formulations similar to the formulations of originally derived column 
matrices (73) - (77),... corresponding to various space-time dimensions). This conclusion follows 
from this fact that the filed equations (71) and (72) have been derived (and defined) uniquely from 
the matrix equation (64) via the axiomatic derivation approach (including the first quantization 
procedure) presented in Sections 3-4, 3-4-1. As it has been shown in Sec. 3-5-2, using this property 
(i.e. multiplication of column matrices V P A and W F , defined in the unique expressions of 

fundamental field equations (71) and (72), by matrix y c/! from the left), this crucial and essential 
issue is concluded directly that by assuming the time -reversal invariance of the general covariant 
filed equations (71) and (72) (represented by the transformations T'¥ R and 7 V F , where the 

quantum operator T is given uniquely by formula (84), i.e.: T = T Q K = iy P y cl ’K), these 
fundamental field equations could be defined solely in (1+2) and (1+3) space-time dimensions (with 
the column matrices of the forms (96-1) and (98-2), respectively). 

Hence, the definite mathematical formalism of the axiomatic approach of derivation of fundamental 
field equations (71) and (72), along with the C, P and T symmetries (represented by the quantum matrix 
operators (83) — (87), in Sec. 3-5) of source-free cases (as basic cases) of these equations, in fact, imply 
these equations with non-zero source currents, would be invariant solely under the simultaneous 

combination of all the transformations C, P , and 7 (83) - (85), multiplied by matrix y 1 (defined 
by formulas (84-1) and (84-2)). This unique combined transformation could be expressed uniquely as 
follows, respectively, for the particle fields (representing by column matrices v F ff (— r,t), V P F (— r, t)) 
and their corresponding antiparticle fields (representing by column matrices ^(r,— t), x V' F (r~t) given 
solely with reversed signs of the temporal and spatial coordinates): 



( 100 ) 


f Z com Xr ( f-t ) = y Ch TPC % (r ,-t), 

1 = 7 Ch fPC %(r,-t). 

The unique combined form of transformation Z COMB { 99) (and also Z COMg (100), where Z C0MB = —Z COMB ) is 
based on the following two basic issues: 

Firstly , it follows from the definite formulations of uniquely determined column matrices (73) - 
(77),... (corresponding to various space-time dimensions, however, as noted above, based on the 
arguments presented in Sec. 3-5-2, the only definable column matrices in the formulations of field 
equations (71) and (72), are of the types v Fr and T/. represented by formulas (96-1) and (98-2), in (1+2) 

and (1+3) space-time dimensions, respectively), where the source currents J^, and j[ F) should be 
expressible by these conditional relations (in terms of the arbitrary covariant quantities (p^ and (p iF) ), 

ini (R) - im (F) 

respectively: J <R> = -(V„ + — —k v )<p {R) , J\ F) =-(V„ + — —k v )<p (F) - In other words, the unique formulation 
of derived combined symmetries Z C0MB and Z C0UB represented by the quantum operators Z couB (99) and 

Z coMB (100), in particular, is a direct consequent of the above conditional expressions for source currents 
and j[ F) . As noted in Sec. 3-4-1, these relations appear as necessary conditions in the course of 
the axiomatic derivation of general covariant field equations (71) and (72). In fact, in the field equations 
(71) and (72) the uniquely derived column matrices T/ s - and T/, (73) - (77),..., not only contain all the 
components of tensor fields R pofJV and F pv , but also contain the components of arbitrary covariant 

quantities (p fXJ and (p (as the initially given quantities) which define the source currents J fXrv and 

i m ( R ) _ ; - m +) 

J[ F) by the above expressions, respectively, i.e.: 7^=-(V v + — —k v )<p iR) , /, (F) = — (V v + — —k v )tp {F} . 

f ti fi 

Now based on these conditional expressions in addition to this natural and basic circumstance that the 
source currents J [ ^ v and 7 '/ ' should be also transferred respectively as a rank three tensor and a vector, 

under the parity, time -reversal and charge conjugation transformations (defined by formulas (83) - (85)) 
of the field equations (71) and (72), it would be concluded directly that the transformations (99) and 

(100) are the only simultaneous combinations of transformations C, P , T (also including the matrix 
y ch , necessarily, as it would be shown in the following paragraph), which could be defined for the 
field equations (71) and (72) with “non-zero” source currents. 

Secondly , appearing the matrix operator y ch in simultaneous combinations —y ch TPC and y ch TPC 
in the combined transformations (99) and (100), follows simply from the basic arguments presented in 
Sec. 3-5-2. In fact, in these uniquely determined combinations, the simultaneous multiplication by matrix 

y ch (from the left) is a necessary condition for that the transformed column matrices: Z C04ffl v F fi (-r,f) , 

Z w J¥ F (-r,t), Z COMB %(r-t ) (given in the transformations (99) and (100)) could be 

also defined in the field equations (71) and (72), based on the formulations of column matrices (96-1) and 
(98-2), as mentioned in Sec. 3-5-2) (however, it is worth to note that this argument is not merely limited 
to the definability of column matrices of the types (96-1) and (98-2), and it could be also represented on 
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the basis of unique formulations of all the originally derived column matrices (73) - (77),... 
corresponding to various space-time dimensions). 

In the next Section, we show how the 'CPT' theorem in addition to the unique formulations of the 
combined transformations (99) and (100) (representing the only definable transformation forms, including 
C, P and T quantum mechanical transformations, for the field equations (71) and (72) with “non-zero” 
source currents), imply only the left-handed particle fields (along with their complementary right-handed 
fields) could be coupled to the corresponding (any) source currents. 


3-5-4. Showing that only the left-handed particle (along with their complementary right- 
handed antiparticle) fields could be coupled to the corresponding source currents: 

On the basis of the 'CPT' theorem [35, 36], it would be concluded directly that the unique combined forms 
of transformations (99) and (100) (representing the only combination of C, P , and T transformations 
multiplied by matrix y c '\ that could be defined as a symmetry for general covariant field equations (71) 
and (72) with non-zero source currents), should be equivalent only to simultaneous combination of C, P , 
and T transformations (that have been defined uniquely by formulas (83) - (85)). Moreover, based on 
the 'CPT' theorem, the simultaneous combination of transformations C, P , and T should: “interchange 
the particle field and its corresponding antiparticle field; inverts the spatial coordinates r —>—r ; reverse 
the spin of all particle fields; leave the direction of the momentum invariant; and, therefore, should 
interchange the left-handed and right-handed components of both particle field and its corresponding 
antiparticle field”. Hence, we should have: 

=-r Ch TPC \^A-r)] (Lefn = -y c ‘[^(r )] ( ^ 0 = TOF)] ( w 
^J^(-r)W) =-r Ch TPC [^(-TIW) =-r Ch V x l” F {r)\ Right) =[^(r)] (JKgA , ) ; 
z mMB [^A-r)\ Right) =-r Ch fPc I = -y Ch \ %<(T-)\ ([ifn = [ 
z co ^A-?)\n g ^=-r Ch fpc [^(-^W, =-r Ch m(r)\w =\ x v' F (?)\^ 

= r ch TPC mr)\ L ^ =r c *[^(-r)W) =[^(-r)] w , 

=r ch fpc [ncowj = r c *[^(— o] (JWgfc/) = [^(-r)] (W 

t OM s^’ R (r)\ Rlghl) =7 Ch fPC [^(r)] w =r Ch l x i , A-r)\^ ) =[¥*(-iD] (JW , 

L MB \V' F tr)\ mght) =Y Ch fPC [K(r)l Righl) =r C fc [^(-r)W) =[%(-^)] ( ^)- 
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( 101 ) 

( 102 ) 

(103) 

(104) 



where the column matrices V F R (— r) and V P F (— r) represent the particle field and y \ J ' K (r) and y \ J ) (r) 
denote the transformed forms of column matrices of y V R (— r) and v F /7 (— r ) , respectively, under the 
simultaneous combination of transformations C, P , and T (83) - (85). Furthermore, in agreement and 

based on the definitions and properties of quantum operators C , P , T and matrix y ' given by 

formulas (83) — (87), the left-handed and right-handed components of column matrices of the types (96- 
1) and (98-2) (representing the unique formulations of column matrices that could be defined in the field 
equations (71) and (72), as mentioned in Sec. 3-5-2) are defined solely as follows for the column matrices 
W R (—r), W p (—r) and also *¥AA , v P^.(r) (as the transformed forms of column matrices y V R (—r ) and 

V f / F (— r) under the CPT transformation, respectively): 
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+ [ V l / «( A](Right)’ L r\ , - - 

+[nnow o’ nno = tnc-^w, 

(105) and (106) in the formulas (101) - (104), 

^"WA-A+y^A-Al = \iy chx v R i-A + nHD] = tnHDW), 

|[y c ‘n hd + n Hw = tn how, ; 
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Based on the relations (101-1) - (104-1), it would be concluded directly that only the left-handed 
components of particle fields representing by [ V F A ,(— f)] l/(/n , [ V F A (— r)] i/r/;) , and the right-handed 

components of their corresponding antiparticle fields representing by [^(r)] (/s /l() , [ V P^, (r)] (R!ghl) (as the 

transformed forms of column matrices |'F A >(-r)] i:/f , /n and ['f / A (-r)] f/p/(| under the CPT transformation, 

respectively), obey the transformations (101-1) and (104-1) (as the necessary conditions given 
respectively by relations (101) and (104)). On the other hand, the right-handed components of particle 
fields representing by [ V P R (— r)] (Rjght) , ['P F (— . r)] fRight) , and the left-handed components of their 

corresponding antiparticle fields representing by [ v P^(r)] (/ ^ ) , (as the transformed forms of 

column matrices [^(-F)]^ A() and [ l F A (-? ) ], AV „ / , )J under the CPT transformation, respectively), don’t 

obey the transformations (102-1) and (103-1) (as the necessary conditions given respectively by relations 
(102) and (103)). Hence (and also following the basic assumption (3) defined in Sec. 3-1), it is 
concluded directly that only the left-handed particle fields (along with their complementary 
right-handed fields) could be coupled to the corresponding (any) source currents. This means 
that only left-handed bosonic fields (along with their complementary right-handed fields) could 
be coupled to the corresponding fermionic source currents; which also means that only left- 
handed fermions (along with their complementary right-handed fermions) can participate in any 
interaction with the bosons (which consequently would be only left-handed bosons or their 
complementary right-handed bosons). 

3-6. Showing the gauge invariance of axiomatically derived general co variant (tensor) field 
equation (72) in (l+2)-dimensional space-time (definable with column matrices of the type l F/ (96- 
1), representing the spin- 1/2 fermion fields) under the SU(2) L <8>U(2) R symmetry group, and also 
invariance of this equation in (l+3)-dimensional space-time (definable column matrices of the type 
v F / 7 (98-2), representing the spin-1 boson fields coupled to the fermionic source currents) under the 
SU(2) L <8>U(2) R and SU(3) symmetry group: 

One of the natural and basic properties of the (l+2)-dimensional space-time geometry is that the metric 
tensor can be “diagonalized” [78]. Using this basic property, the invariant energy-momentum quadratic 
relation (52) (in Sec. 3-1-1) would be expressed as follows: 

S°Vo) 2 - S 00 (K) 2 + g'W + 8 22 (P 2 ) 2 =0 (108) 

that is equivalent to: g 00 (p 0 ) 2 + g n (p i) 2 + g 22 (p 2 ) 2 = (m 0 c) 2 , where (as defined in Sec. 3-1-1) m 0 and p n 

are the particle’s rest mass and momentum (3-momentum), p s ‘ = m n k u , and k u = (£ 0 ,0,0) = (c/^g°° ,0,0) 

denotes the covariant form of the 3-velocity of particle in stationary reference frame. As it would be 
shown in the following, a crucial and essential property of the quadratic relation (108) is its invariance 
under a certain set of sign inversions of the components of particle’s momentum: (p 0 , p v p,) , along with 

similar inversions for the components: (pf , pf , p s f) , where pf = m 0 k 0 , p[* = p' 2 ' = 0 ■ This set includes 

seven different types of the sign inversions (in total), which could be represented simply by the following 
symmetric group of transformations (based on the formalism of the corresponding Lorentz symmetry 
group of invariant relation (108)), respectively: 
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(Po ’ Po ’ Pi , p 2 ) l-> (Po . Po' ~PvP 2 ) = (Po l) ’ K (1) . Pl (1) , pf ) (108-1) 

(Po ’ K . Pi . P 2 ) ^ (Po ’ Po ’ Pi -Pi ) = (Po 2) . Po" 2> > Pi <2) > P 2 2) ) (108-2) 

(Po»Po‘» Pi. P 2 ) ^ (Po’Po-Pi-Pi) = (P^\Po°\p1 3 \p ( 2 3) ) (108-3) 

(Po > Po' . Pi . p 2 ) •-> (-Po -Po -Pi -P 2 ) = (Po 4) . Po' <4> > Pi (4) . P 2 4) ) ( 108-4) 

(p 0 > Po »Pi»P 2 ) ^ i-Po-Po’Pi’-Pi) = (Po 5) > Po' (5) ’ Pi (5) > P 2 5) ) (108-5) 

(Po> Po ’ Pi’ Pi) •-» (-Po’-Po-Pi’Pi) = (P^.Po^.P^.Pf) (108-6) 

(Po > Po . Pi ’ Pi ) ^ (-Po -Po ’Pi’Pi) = (Po 7) . Po' (7) > Pi (7) >pf') (108-7) 


Moreover, although, following noncomplex- algebraic values of momentum’s components p fl (p* = p u ) , 

the corresponding complex representations of transformations (108-1) - (108-7) is not a necessary issue 
in general, however, if the invariant relation (108) is represented formally by equivalent complex form: 

S°°(PoPo) - S°°(Po'Pr) + S n (PiPi*) + S 22 (P 2 P 2 ) = 0, (108-8) 


then, along with the set seven real-valued transformations (108-1) - (108-7), this relation would be also 
invariant under these corresponding sets of complex transformations (fora = 1,2, 3,.. .,7): 


(Po’Po’Pi ’Pi) ^(±iPo ) \±ipf a) \±ip < l a) \ ± ip2 ) *), (pI,Po 


* * \ 

.P 1 .P 2 )- 


■ (+ ip { ;\+ipf a \+ip^\+ip^) (108-9) 


In Sec. 3-6- 1 - 1 , using the transformations (108-1) - (108-7) (along with their corresponding complex 
forms (108-9)), a certain set of seven simultaneous (different) general covariant field equations 
(corresponding to a group of seven bispinor fields of spin- 1/2 particles) would be determined as particular 
cases of the (l+2)-dimensional form of general covariant field equation (72) (defined with a column 
matrix of the type (96-1)). 

3 - 6 - 1 . Following the definite formulation of (l+2)-dimensional case of system of linear equation (64) 
(formulated in terms of the matrices (67)), for the energy-momentum relation (108) (along with the 
transformations (108-1) - (108-7)), the following set of seven systems of linear equations (with different 
parametric formalisms) is determined uniquely. The general parametric solution of each of these systems 
of linear equations, obeys also the quadratic relation (108) (representing a set of seven forms, with 
different parametric formulations, of the general parametric solutions of quadratic relation (108)). This set 
of the seven systems of linear equations could be represented uniformly by a matrix equation as follows: 

-m^a M k M )S (a) =0 (109) 

where a = 1,2,3,. ..,7 , p"J“' =m' Q a) k fj , a" and cic M arc two contra variant 4x4 real matrices (compatible 
with matrix representations of the Clifford algebra Cfi, 2 ) defined solely by formulas (65) and (67), and 
parametric column matrix S (a) is also given uniquely as follows (formulated on the basis of definite 
parametric formulation of column matrix S (67) in (1+2) space-time dimensions): 


S ia) = 


(*4 a) vr 

(u[ a) v^ 


„<+)., OK... 
— U 1 V 0 )w 

-u 0 V 2 )W 


(109-1) 
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which includes seven cases with specific parametric formulations expressed respectively in terms of 
seven groups of independent arbitrary parameters: ,u\ a) ,u ( 2 a) ,v ( 0 a) ,v[ a) jV,* 0 , and two common arbitrary 

parameters s and w (i.e. having the same forms in all of the seven cases of column matrix S'"' ). In 

addition, concerning the specific parametric expression (109-1) of column matrix S‘‘" in the formulation 
of matrix equation (109), it is necessary to add that this parametric expression has been determined 
specifically by assuming (as a basic assumption in addition to the systematic natural approach of 
formulating the matrix equation (109), based on the definite formulation of axiomatically determined 
matrix equation (64)) the minimum value for total number of the arbitrary parameters in all of seven cases 

of column matrix S ‘ a> , which implies equivalently the minimum value for total number of the arbitrary 
parameters in all of seven simultaneous (different) cases of matrix equation (109) (necessarily with seven 
independent parametric solutions representing a certain set of seven different equivalent forms of the 
general parametric solution of quadratic relation (108), based on the general conditions of basic definition 
of the systems of linear equations corresponding to homogeneous quadratic and higher degree equations, 
presented in Sec. 2, and Sections 2-2 - 2-4, 3-1-1 concerning the homogenous quadratic equations). 

In the following, in the derivation of the corresponding field equations (from matrix equation (109)), we 
will also use the above particular algebraic property of parameters s which has been expressed 
commonly in the expressions of all of seven simultaneous cases of matrix equation (109) (and also in Sec. 
3-6-2, concerning the (l+3)-dimensional corresponding form of matrix equation (109), which holds the 
similar property). 

3 - 6 - 1 - 1 . In addition, along with the transformations (108-1) - (108-7) and algebraic matrix equation 
(109), using the corresponding complex transformations (108-9), we may also formally have the 
following equivalent matrix equation (with the complex expression): 

(ia M p ( ; } * - im ( 0 a) a M k fJ )S (a) = 0 (109-2) 

where a = 1,2,3,. ..,7, and p]',"' =m ( Q a) k fi . Although, based on the real value of momentum p'" 1 

(p'" 1 = P ,]"') . the complex expression of each of the seven cases of algebraic matrix equation (109), 
definitely, is not a necessary issue at the present stage. However, since the corresponding momentum 
operator p "’ has a complex value (where p"' ^ /)* ( " ) ), in the following, using this basic property of the 

momentum operator, we derive a certain set of seven different simultaneous general covariant field 
equations from the matrix equations (109) and (109-2) (based on the general axiomatic approach of 
derivation of general covariant massive field equation (72), presented in Sections 3-4 - 3-4-5, in addition 
to certain forms of quantum representations of the C, P and T symmetries of this field equation, presented 
in Sections 3-5 - 3-5-4). Furthermore, in Sec. 3-6-1-2, it would be also shown that the uniform 
representation of this determined set of seven simultaneous field equations, describe a certain group of 
seven simultaneous bispinor fields of spin- 1/2 particles (corresponding, respectively, to a new right- 
handed charge -less fermion in addition to three right-handed anti-fermions, along with their three 
complementary left-handed fermions). 

Furthermore, concerning the gravitational field equation (71), it should be noted that following from the 
fact that the general covariant field equation (71) should describe, uniquely and uniformly, the 
background space-time geometry via a certain form of the Riemann curvature tensor (which should be 
determined from the tensor field equation (71)), the matrix equation (109) could not be used for the 
derivation of a set of simultaneous different spin-3/2 fermion fields in (1+2) dimensions (there would be 
the same condition for the field equation (71) in higher-dimensional space-times). 
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Hence, based on the axiomatic approach of derivation of (1+2) -dimensional case of field equation (72) 
(defined solely by a column matrix of the form (96-1) in (1+2) space-time dimensions, as shown in Sec. 
3-5-2), from the matrix equation (109) and (109-2) (defined solely by column matrix (109-1)), and also 
taking into account the momentum operator’s property: p p * u , the following group of seven 
simultaneous (different) general covariant field equations could be determined: 

( iha M D l f) - m {) r, a"k^Y { l f> = 0 (110) 

specifying by the following group of transformations (based on the corresponding group of 
transformations (108-1) - (108-7) and (108-9)), for / = 1,2,3,.. .,7 , respectively 

(Dp , mp , Dp , D? ) = (D 0 ,m 0 ,-D l ,D 2 ) (110-1) 

(D ™ , m' 2) , D [ 2) , D (2) ) = (D 0 , m 0 , D x -D 2 ) ( 1 10-2) 

(D‘ 3) , mp , Dp , Dp ) = (D 0 , m 0 ,-D, -D 2 ) ( 1 10-3) 

{D ^ , , D,' 4 ’ , D 2 4) ) = (-ID; —im 0 -iD* x -iD 2 ) ( 1 10-4) 

(Df ) = (-iDl-im.JDl-iDl) (110-5) 

(D' 6 ’ , /;C ) , D, (6) , D; 6j ) = (-/£><; ,-/m 0 ,-/Df , iD* ) ( 1 10-60 

(D< 7) , m (2) , D, (7) , D (2) ) = (-/D ( ; ,-im 0 , /D, s , //X ) ( 1 10-7) 


where the column matrix 'F { J ' would be also given as follows (based on the definite formulation of 

column matrix v F f (96-1) in Sec. 3-5-2, expressing the general representation of column matrices 
definable in the formulation of (l+2)-dimensional case of general covariant field equation (72)): 



where in all of the seven simultaneous cases of field equation (110) defined respectively by the column 
matrices x ¥ < / 1 (110-8) (for / = 1,2,3,.. .,7 ), the scalar quantity (p v (that as a given initial quantity, 
defines the source currents j\P (110-8)), necessarily, has the same value, based on the definite 
parametric formulation of the algebraic column matrix (109-1) (in particular, the common form of the 
corresponding arbitrary parameter s in the expressions of all of the seven simultaneous cases of matrix 
equation (109)). 

3 - 6 - 1 - 2 . Following the definite formulations of set of seven general covariant (massive) field equations 
(110) (specified, respectively, by the group of seven transformations (110-1) - (110-7)), the set of these 
could be represented uniformly by the following general covariant field equation as well (defined solely 
in (1+2) space-time dimensions): 

(ilia ,J D fi -m Q a M k /J ) x ¥ F =0 (110-9) 
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where the column matrix given by: 


4* = 
A F 


F l0 

0 

F 2 1 
<Pf 




( 110 - 10 ) 


and the field strength tensor F , scalar <p F , along with the source current J u are defined as follows: 

F = Y F {f) r 

r HV Lu r W L f ' 
f = 1 


-hi D F l + v ^k^ F =Y J -{D ( lJ f) + l -^-k^)(p F =Yj J( / >T f =J v (lio-n) 


im. 


(/) 


/= i 


n 


f = i 


i- r 

where / is the 2x2 identity matrix, and x f = — (for / =1,2, 3,. ..,7) are a set of seven 2x2 complex 
matrices given by, 


T — -2_ 

L f ~ 9 


•> 1 2 ’ ^3 ’ 

o o / . 

t, 4 ? 

^/ 5 , / 6 , l 7 


> = < 


'0 

-i 


0 

1 


-i 

0 


-i 

0 

9 

-1 

0 

9 

0 

i 

9 





'-1 

O' 



o 

o 


0 

-1 

, 

"o 

l" 


"o 

-1 


"l 

0 


1 

0 

9 

i 

0 

9 

0 

-1 



( 110 - 12 ) 


which as would be shown in the following, represents uniformly a combined gauge symmetry group of 
the form: SU(2) L ®U(2) R , where the sub-set of three matrices “ x ] ,x 2 ,x 3 ” corresponds to SU(2) L group, 

and subset of four matrices “ r 4 , r 5 , x 6 , r 7 ” corresponds to U(2) R group. 

Now based on the matrix formulation of field strength tensor F u y (defined by the general covariant field 

equation (1 10-9)), and on the basis of C, P and T symmetries of this field equation (as a particular form 
of the (1+2) -dimensional case of field equation (72)) that have been represented basically by their 
corresponding quantum operators (in Sections 3-5 - 3-5-4), it would be concluded that the general 
covariant field equation (110-9) describes uniformly a group of seven spin- 1/2 fermion fields 
corresponding to, respectively: “three left-handed fermions (for / = 1,2,3), in addition to their three 
complementary right-handed anti-fermions (for / = 5,6,7 ), and also a new single charge -less right- 
handed spin- 1/2 fermion (for f — 4 )”. Hence, following the basic algebraic properties of seven matrices 
T f (110-12), and the gauge symmetry group of the type: SU(2) L ®U(2) R generated by these matrices, the 
three matrices r, , r 2 , r 3 (corresponding with SU(2 )l) represent respectively “three left-handed 
fermions”, and four matrices r 4 , r 5 , x 6 , r 7 (corresponding with U(2) R ) represent respectively: “a new 
single right-handed charge-less spin- 1/2 fermion, and three right-handed spin- 1/2 fermions as the 
complementary particles of the three left-handed spin- 1/2 fermions represented by matrices t v t 2 , r 3 ” . 


70 



Furthermore, as it would be shown in Sections 3-6-3 - 3-6-3-2, as a natural assumption, by assuming the 
seven types of spin-1/2 fermion fields that are described by general covariant field equation (110-9), as 
the source currents of spin-1 boson fields (that will be represented by two determined unique groups 
describing respectively by general covariant field equations (114-4) and (114-5), in Sec. 3-6-3-2), it 
would be concluded that there should be, in total, four specific groups of seven spin- 1/2 fermion fields 
(each) with certain properties, corresponding to “1+3” generations of four fermions, including two groups 
of four leptons each, and two groups of four quarks each. Moreover, based on this basic circumstances, 

two groups of leptons would be represented uniquely by: “[( V , e , V T ) , ( v ,e + , V T z e )] and [(p , v e , x ) , 
(p + , v e , x + , z n )], respectively, where each group includes a new single right-handed charge-less lepton, 
representing by: z e and z n ”; and two groups of quarks would be also represented uniquely by: “[( S, u, b ) 
, ( s, u, b , z„)] and [( c, d, t ) , ( c, d, t , z d )], respectively, where similar to leptons, each group includes a 
new single right-handed charge-less quark, representing by: z u and z d ”. In addition, emerging two right- 
handed charhe-less quarks z u and z d specifically in two subgroups with anti-quarks ( s, u, b , z u ) and 

( c, d, t , z d ), could explain the baryon asymmetry, and subsequently, the asymmetry between matter and 
antimatter in the universe. 

3-6-2. Assuming the spin- 1/2 fermion fields describing by general covariant massive field equations 
(110-9) (defined by column matrix (110-10) in (1+2) space-time dimensions with a digonalized metric), 
as the coupling source currents of spin-1 boson fields (describing generally by (l+3)-dimensional case of 
general covariant field equation (72) formulated with a column matrix of the type V P / , (98-2)), it is 
concluded that the (l+3)-dimensional metric could be also diagonalized for corresponding spin-1 boson 
fields. This conclusion follows directly from the above assumption that the (l+3)-dimensional metric of 
spin-1 boson fields (coupled to the corresponding fermionic source currents) would be also partially 
diagonalized such that: g =0 (for p — 0,1,2 and p ± v), which subsequently impliy 

g 03 = g 13 = gr, 3 =0. Hence, the invariant energy-momentum relation (52) will be expressed as follows in 
(l+3)-dimensional space-time with diagonalized metric: 

8°°(Po) 2 ~ 8°\Po) 2 + 8 l \Px) 2 + 8 22 (P 2 ) 2 + 8 33 (P 3 ) 2 =0 (111) 

that is equivalent to: g°°(p 0 ) 2 +g ll (p 1 ) 2 +g 22 (p 2 ) 2 +g 33 (p 3 ) 2 =(m 0 c) 2 , where (similar to the (1+2)- 
dimensional case in Sec. 3-1-1) m 0 and p are the particle’s rest mass and momentum (4-momentum), 
p s ' t = m v k u , and /- = (k () ,0,0,0) = (cl -Jg™ ,0,0,0) denotes the covariant form of the 4-velocity of particle in 

stationary reference frame. Now similar to the transformations (108-1) - (108-7), as it would be shown in 
the following, a crucial property of the quadratic relation (111) would be also its invariance under two 
certain sets of sign inversions of the components of particle’s momentum:: (p 0 , p { , p 2 , p 3 ) , along with 

similar inversions for the components: ( p^ , p'[’ , p 2 , p 3 ) (as particular cases), where p^ 1 = m 0 k 0 , 
p" = p 2 = p 3 = 0 . The first set of these includes seven different odd types of the sign inversions (i.e. 

with odd inversions), and the second set includes eight different even types of the sign inversions (i.e. 
with even inversions), which could be represented simply by the following two symmetric groups of 
transformations (based on the formalism of the Lorentz symmetry group of invariant relation (111)), 
respectively: 

The first group includes, 
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(Po . Po , P\,P2,Pi) ^ (Po ’ Po -Pi ~Pl ’Pi) = (Po’ . Po f(1) . 7^ , Pf . Pf ) (111-1) 

(P 0 > Po .Pl.P 2 .P 3 ) ^ (Po>Po'> Pi ~Pl -Pi) = (Po 2) .Po f<2) ’Pl (2) .P2 2) .P3 2) ) (1 11-2) 

(Po . Po' . Pi . P 2 . 7^3 ) ^ (Po . Po' .-Pi . P 2 -P 3 ) = (Po 3) . Po' <3) . Pi ( 3 1 , P® , pf ) (111-3) 

( 7 ^ 0 . Pf . Pi . P 2 . P 3 ) ^ (-Po -Po' -Pi ~Pi -Pi ) = (Po 4) . Po' <4> , Pi (4) , P 2 4> . P 3 4 ’ ) (111-4) 

(Po . Pv . Pi . P 2 . P 3 ) •-» (-Po -Po' . Pi . Pi -Pi ) = (Po 5) . Po' <5> . Pi (5 ’ . pf . P 3 5) ) (111-5) 

(Po . 7^0' . Pi . p 2 . p 3 ) ^ (-Po -Po' .-Pi . P2 . P3 ) = (Po 6> . Po' (6) . pf . pf . Pa 6) ) (111-6) 

(Po . Po' . Pi . P 2 . P 3 ) ^ (-Po -Po' . Pi -Pi , P 3 ) = (Po 7 ’ . Po' (7) . Pi ( 7) . pf ’ P 3 7 ’ ) (111-7) 

And the second group is given by, respectively: 

(Po . Po . Pi . P 2 , P 3 ) l-> (p 0 . Po -Pi . P 2 . Pi) = (Po W . Po' (8) . Pi (8) . pf . pf ) (111-8) 

(Po . Po , Pi , P 2 . P 3 ) ^ (Po . Po . Pi -P 2 . P 3 ) = (Po 9> . Po' (9> . Pi (9> . pf . Pf ) (Hl-9) 

(p 0 . P 0 .P 1 . p 2 . p 3 ) •-> (p 0 . Po'.Pi. P 2 .-P 3 ) = (pr.Po^.pr.pr.pD (in-i°) 
(Po . 7 ^ 0 ' , Pi , p 2 , P 3 ) ^ (Po , Po' -Pi -Pi -Pi ) = (Po 1 ° . Po' (1 5 , Pi ( 'fp 2 fpf'f (111-11) 

(Po . Po . Pi . P 2 . 7^3 ) ^ (-Po -Po . Pi . P 2 . P 3 ) = (Po 12> . Po' <12) . Pi (I2) . P 2 12) . P3 12) ) (111-12) 

(Po . Po . Pi . 7^2 , P 3 ) l-> (-Po -Po' . Pi .-P 2 -P 3 ) = (Po 1 3> . Po' (13) . Pi X3> , Pi 3) , Pi (111-13) 

(Po . Po' . Pi . Pi . P 3 ) l-> (-Po -Po' -Pi . P 2 -P 3 ) = (Po 14) . Po' (14) . Pi (I4) . pf } . Pi A) ) (111-14) 

(Po . Po . Pi . P 2 , P 3 ) l-> (-Po -Po' ,-Pi ,-p 2 , P 3 ) = (Po 5> , Po' (15) , Pi ( 1 5) , P2 1 5) , P3 1 5> ) (111-15) 

where, similar to the transformations (108-9) (as equivalent complex representations of the determined 
group of transformations (108-1) - (108-7), in (l+2)-dimensional space-time), following noncomplex- 

algebraic values of momentum’s components p u ( = p ), the corresponding complex representations of 

transformations (111-1) - (111-15) is not a necessary issue in general, however, if the invariant relation 
(1 1 1) is represented formally by equivalent complex form: 

S 00 (PoPo)- s°°(Po'pn + * H (PiPD + s 22 (p 2 pf + g 33 (PiPl) = 0 (111-16) 

then, along with the set fifteen real-valued transformations (111-1) — (111-15), this relation would be also 
invariant under these corresponding sets of complex transformations (forZ? = 1,2,3,. ..,15): 

(Po’Po’Pi’Pi’Pi)^ (±^r .±*>r* ,±*p : f ’ ) , 

(Po > Pf > Pi* > pJ > P 3 * ) (+Pf ,+iPo' (6) ,+ipf’ ,+ipf ,+ipf ) (111-17) 

In Sec. 3-6-3, using the transformations (111-1) - (111-15) (along with their corresponding complex 
forms (111-17)), a set of fifteen different general covariant field equations would be determined, 
including two certain groups of simultaneous field equations (corresponding, respectively, to a group of 
seven bispinor fields and a group of eight bispinor fields of spin-1 particles) as the particular cases of the 
(l+3)-dimensional form of general covariant field equation (72) (defined with a column matrix of the type 
(98-2)). 
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3 - 6 - 3 . Similar to the set of seven algebraic matrix equations (109) (determined uniquely as the algebraic 
equivalent matrix representation of the energy-momentum relation (108)), based on the definite 
formulation of the system of linear equation (64) in (1+3) space-time dimensions (formulated in terms of 
the matrices (68)), for the energy-momentum relation (111) (along with the transformations (111-1) - 
(111-15)) the following two sets of systems of linear equations are also determined uniquely, including 
respectively a set of seven and a set of eight systems of equations (with different parametric formalisms). 
The general parametric solution of each of these systems of linear equations, obeys also the quadratic 
relation (111) (representing a set of fifteen forms, with different parametric formulations, of the general 
parametric solutions of quadratic relation (111)). Each of these sets of the systems of linear equations 
could be represented uniformly by a matrix equation as follows, respectively: 


0 a M p ™ - m^ ) a M k /4 )S (bl ' > = 0 , (112-1) 

(a M p^ 2) - m ( Q b2> a M k M )S (b2) = 0 (112-2) 

where b { = 1,2, 3,. ..,7, b 2 = 8,9 15, p sbh ' ' = m (b ' ] k ^ , p“ (bl) = m^ 2) k /J , errand cr" arc two 

contravariant 8x8 real matrices (compatible with matrix representations of the Clifford algebra Cfi^j) 
defined solely by formulas (65) and (68), and parametric column matrices S ib ' ] and S ' 1 are also given 

uniquely as follows by two distinct expressions (formulated on the basis of definite parametric 
formulation of column matrix S (68) in (1+3) space-time dimensions): 
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which column matrix S ih>) includes seven cases with specific parametric formulations expressed 

respectively in terms of seven groups of independent arbitrary parameters : u ( ( b ' 1 ,u (b ' ’ , u b ' ] , v[ b ' ’ , v^ 1 1 , v 2 ' ] , 
and two common arbitrary parameters s and w (i.e. having the same forms in all of the seven cases of 
column matrix S ibl) ), and column matrix S' 1 ’ 2 ’ also includes eight cases with specific parametric 
formulations expressed respectively in terms of eight groups of independent arbitrary parameters: 
UQ 2 \uf 2 \u ( ^-\vQ 2) ,vf 2) ,V 2 l) , and two common arbitrary parameters s' and w (with the same forms in 

all of seven cases of the column matrix S {l ’ 2) ). In addition, similar to the column matrix S ' " 1 represented 
soley by formula (109-1), the specific parametric expressions (1 13) of column matrices S ib,) and S ' hl 1 in 

the formulation of matrix equations (112-1) and (112-2), have been determined specifically by assuming 
(as a basic assumption in addition to the systematic natural approach of formulating the matrix equations 
(1 12-1) and (112-2), based on the definite formulation of axiomatically determined matrix equation (64)) 

the minimum value for total number of arbitrary parameters in both column matrices S <h 1 and S ' 1 ’ 1 ' , 
which implies equivalently the minimum value for total number of arbitrary parameters in all of the 
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fifteen simultaneous (different) cases of matrix equations (112-1) and (112-2) (necessarily with fifteen 
independent parametric solutions representing totally a certain set of fifteen different equivalent forms of 
the general parametric solution of quadratic relation (111), based on the general conditions of basic 
definition of the systems of linear equations corresponding to homogeneous quadratic and higher degree 
equations, presented in Sec. 2, and Sections 2-2 - 2-4, 3-1-1 concerning the homogenous quadratic 
equations).In the following, similar to the fundamental general covariant field equation (109-2) derived in 
Sec. 3-6-1 -1, in the derivation of the corresponding field equations (from matrix equations (112-1) and 
(1 12-2), respectively), we will also use the above particular algebraic properties of parameters s and s' 
which, respectively, have been expressed commonly in the expressions of all of seven simultaneous cases 
of matrix equation (112-1), and in the expressions of all of eight cases of matrix equation (112-1). 

3 - 6 - 3 - 1 . Moreover, similar to the invariant relation (108) and derived matrix equation (109), along with 
the transformations (111-1) - (111-15) and algebraic matrix equations (112-1) and (112-2), using the 
corresponding complex transformations (111-17), we may also formally have the following equivalent 
matrix equations (with the complex expression), respectively (for b x =1,2,3,. ..,7, b 2 = 8, 9,. ..,15): 

(ia M p {bl) * —im < '^a M k M )S ib ' ) =0, (112-3) 

(ia^ p^* —imQ b2) a fJ k u )S (t ’ 2> =0 (112-4) 

where = nip ’k u , p s ^ bl) = m^ 2) k . Similar to the matrix equation (109-2), although, based on the 
real value of momentum p u ( p* = p ), the complex expression of each of the seven cases of algebraic 

matrix equation (112-1), and also each of the eight cases of algebraic matrix equation (112-2), definitely, 
is not a necessary issue at the present stage. However, since the corresponding momentum operator 
p has a complex value (where p u -t- p* M ), in the following, using this basic property of the operator p fl , 

we derive, distinctly, two certain groups of the general covariant field equations, including a group of 
seven different simultaneous field equations from the matrix equations (112-1) and (112-3), and a group 
of eight different simultaneous field equations from the matrix equations (112-2) and (112-4) (based on 
the general axiomatic approach of derivation of general covariant massive field equations (72) presented 
in Sections 3-4 - 3-4-5, and the quantum representations of C, P and T symmetries of this equation, 
presented in Sections 3-5 - 3-5-4). Furthermore, in Sec. 3-6-3-2, it would be also shown that each of these 
determined two sets of seven and eight simultaneous field equations describe, respectively, a uniform 
group of seven spin-lboson fields (corresponding to two left-handed massive charged bosons, along with 
their two complementary right-handed bosons; a left-handed massive charge-less boson, along with its 
complementary right-handed boson; and a single right-handed massless and charge -less boson), and a 
uniform group of eight spin-1 boson field (corresponding to eight massless charged bosons). 

Hence, similar to the (l+2)-dimensional general covariant field equation (114) derived in Sec. 3-6- 1 - 1 , 
based on the axiomatic approach of derivation of the (1+3) -dimensional case of field equation (72) 
(defined solely by a column matrix of the form (98-2) in (1+3) space-time dimensions, as shown in Sec. 
3-5-2), from the matrix equations (112-1), (112-3) and (112-2), (112-4) (defined solely by column 
matrices (113)), also taking into account this basic momentum operator’s property : p* ^ p , the 

following two unique groups of seven and eight simultaneous general covariant field equations are 
determined solely, respectively: 

(jha M D™ - ^5%)®™ = 0 (114-1) 

(iha u D , ^ 2> - m'^ b2) cc M k M y = 0 (114-2) 
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specifying by the following two groups of transformations (based on their two corresponding groups of 
(sign) transformations (111-1) - (111-7), (111-8) - (111-15) and (111-17)), for b x =1,2, 3,...,' 7 and 
b i = 1,2,3,. ..,8 , respectively: 

The first group includes, 



K 1 *: 

a !) 

*-^1 9 

A 1 ’ 

D< 1) ) = 

(D 0 ,m 0 ,- 

A - 

D 2 ,D 3 ) 

(114-1-1) 

(£>0 2) : 

A* 

d (2) 

D (1) 

A 2) ) 

II 

s 

3 

,A> 

-d 2 . 

-A) 

(114-1-2) 

(A®. 

•"C 

Z) (3) 

£)(3) 

, 1^2 


= ( D 0 ,m 0 

-A- 

,A, 

-A) 

(114-1-3) 

(A^ 

> m 0 4) 

d (4) 

A 4) 

, ^2 

,Df) 

= (-A+ 

-im 0 , 

—iD* 

,-/A ,-iD* ) 

(114-1-4) 

(A® 

>^o 5) 

£) (5> 

A 5) 

,Df) 

= (-iD* 0 - 

-im 0 . 

A. 

A “A ) 

(114-1-5) 

(A^ 

> m Q 6) 

d (6) 

A 6) 

,Df) 

= {-iDl- 

-im 0 . 

- iD ; 

, A’ A* ) 

(114-1-6) 

(Do’: 

7«o 71 

D (1) 

A 7) 

A ?) ) 

= (-iDo,~ 

-im 0 . 

A, 

-iD 2 ,iDl) 

(114-1-7) 


and the second group is given as follows, respectively: 
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where the column matrices and q ' 1 are also given as follows, written on the basis of definite 

formulations of algebraic column matrices (113), in addition to the unique formulation of column matrix 
(98-2) (expressing the general representation of column matrices definable in the formulation of (1+3)- 
dimensional case of general covariant field equation (72)): 
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where in all of the seven simultaneous (different) field equations (112-1) formulated with column matrix 
O'f 1 ' (for b ] = 1,2,3, ...,7 ), and also in all of the eight simultaneous (different) field equations (112-2) 
formulated with column matrix (for b 2 = 1,2, 3,. ...8 ), the scalar quantity <p z (as initially given 

quantity) defines commonly set of seven source currents , and scalar quantity (p G also defines 
commonly set of eight source currents J '^’ 1 ' . 

3-6-3-2. Following the definite formulations of set of seven field equations (114-1), and set of eight 
field equations (114-2 ) specified, respectively, by the transformations (114-1-1) - (114-1-7) and (114-2- 
1) - (114-2-8), these two sets of the field equations could be represented uniformly by the following 
general covariant field equations as well (defined solely in (1+3) space-time dimensions), respectively: 

( iha^D -m 0 a M k /u y t> z =0 (114-4) 

(iha u D fi -m 0 a M k /u )Q> G -0 (114-5) 


where the column matrices ® z and ® G given by: 
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and the field strength tensors Z , G /;i ,and scalars (p z and (p c , along with the source currents J p and 
are defined as follows: 
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where I 2 , / 3 are 2x2 and 3x3 identity matrices, and r ;>| 
set of seven 2x2 complex matrices: 
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which similar to the set of matrices (110-12) in Sec. 3-6-1 - 1 , represents uniformly a combined gauge 
symmetry group of the form: SU(2) L ®U(2) R , where the subset of three matrices “t^t 2 ,t 3 ” corresponds 

to SU(2 ) l group, and subset of four matrices “ r 4 , r 5 , r 6 , r 7 ” corresponds to U(2) R group. 

The matrices A h = (\/2)A b (for b 2 = 1,2, 3,..., 8) are also the following set of eight 3x3 complex 
matrices equivalent to the Gell-Mann matrices (representing the SU(3) gauge symmetry group): 
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Now based on the definite matrix formalisms of the field strength tensors Z and G (114-7) 

(described respectively by general covariant massive field equations (114-4) and (114-5)), and on the 
basis of C, P and T symmetries of these field equations (as two particular forms of the (1+3) -dimensional 
case of tensor field equation (72)), represented by their corresponding quantum operators (defined in 
Sections 3-5 - 3-5-4), it would be concluded that the field equation (114-4) describes uniformly a 
definite group of seven simultaneous bispinor fields of spin-1 particles (corresponding to seven matrices 
T l ,T 2 ,T 3 ,T 4 ,T 5 ,T 6 ,T 7 (1 14-8)), including, respectively: “three left-handed massive bosons that could be 

denoted by "W~ , W + ,Z" (represented respectively by three matrices T l ,T 2 ,T 3 , corresponding with 
SU(2)l), a right-handed charge -less spin-1 boson and also three right-handed spin-1 (massive) bosons 
denoted by "y/,W , W , Z" (represented respectively by four matrices r 4 , r 5 , r 6 , r 7 , corresponding with 
U(2)r), as the complementary particles of three left-handed bosons represented by the matrices r, , T 2 , T 3 ”. 

In addition, following the definite representations of these determined seven bosons, it could be 
concluded that four bosons (l//,W~ ,W + ,Z ) correspond to the known bosons including respectively 
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photon (determined as a right-handed charge-less boson, compatible with the positive -frequency 
corresponding to the right-handed circular polarization state of photon), and W,W + , Z bosons. Hence, 

particles W + ,Z represent three new massive spin-1 bosons (where, in particular, Z is the 

complementary right-handed particle of ordinary Z boson), predicted uniquely by this new mathematical 
axiomatic approach. Furthermore, the field equation (114-5) also would describe uniformly a definite 
group of eight spin-1 boson fields (corresponding respectively to the eight matrices 

A i ,At,A 3 ,A 4 ,A 5 ,A 6 ,A 7 ,A s , representing SU(3) gauge group). 

Furthermore, as noted in Sec. 3-6- 1 - 1 , by assuming the group of seven spin-1/2 fermion fields 
(described by field equations (110-9) - (110-12)) as the source currents of spin-1 boson fields, it would be 
also concluded that the group of seven uniform spin-1 boson fields representing by [ 

(W~ ,W + ,Z ),(y/,W + ,W~ ,Z )] (describing by the general covariant field equation (114-4)), and the group 
of eight uniform spin-1 boson fields G ( * 2 J (describing by general covariant field equations (114-5)), hold 
certain properties (including the electrical and color charges, so on) compatible with the known properties 
of ordinary bosons W ,W ,Z and photon, and also eight gluon fields (with their known definite 
properties, including the color charges represented by ‘color octet’ [35, 36]). In addition, based on the 
group representation of three additional new bosons that are predicted uniquely by this new mathematical 

axiomatic approach, denoting by: "W + ,W~ ,Z ", these new bosons could have properties similar to the 

ordinary bosons W ,W 1 , Z; where in particular new boson Z (as the complementary right-handed 
particle of ordinary Z boson), can mix with Z boson. 

Moreover, as mentioned in Sec. 3-6- 1 - 1 , by assuming (as a basic natural assumption) the seven types of 
spin-1/2 fermion fields describing by general covariant field equation (110-9), as the source currents of 
the uniquely determined two groups of seven and eight spin-1 boson fields (describing respectively by 
general covariant field equations (114-4) and (114-5)), it would be concluded that there should be, in 
total, four specific groups of seven spin- 1/2 fermion fields (each) with certain properties, corresponding to 
“1+3” generations of four fermions, including two groups of four leptons each, and two groups of four 
quarks each. Moreover, based on this basic circumstances, two groups of leptons would be represented 

uniquely by: “[(v p , e ,v t ) , (V (l ,e + ,V T z e )] and [(pi ,v e , x ) , (p + , v e , x + , z n )], respectively, where each 
group includes a new single right-handed charge -less lepton, representing by: z e and z n ”; and two groups 
of quarks would be also represented uniquely by: “[( s, u, b ) , ( s, u, b , z„)] and [( c, d, t ) , ( c, d, t , z d )] , 
respectively, where similar to leptons, each group includes a new single right-handed charge-less quark, 
representing by: z u and z d ”. In addition, emerging two right-handed charhe-less quarks z„ and z d 
specifically in two subgroups with anti -quarks ( s, u, b , z u ) and ( c, d, t , z d ), could explain the baryon 
asymmetry, and subsequently, the asymmetry between matter and antimatter in the universe. 
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4. Conclusion 


The main results obtained in this article, are mainly, the outcomes of the new algebraic axiom (17) 
(along with the basic assumptions (2) - (3) defined in Sec. 3-1). This new axiom as a definite 
generalized form of the ordinary axiom of “no zero divisors” of integral domains (including the 
domain of integers), has been formulated soley in terms of square matrices (with integer entries, 
appeared as primary objects for representing the integer elements in their corresponding algebraic 
axiomatic formalism). In Sec. 3 of this article, as a new mathematical approach to origin of the laws 
of nature, using a new basic algebraic axiomatic (matrix) formalism based on the ring theory and 
Clifford algebras (presented in Sec. 2), “ it is shown that certain mathematical forms of fundamental 
laws of nature, including laws governing the fundamental forces of nature (represented by a set of 
two definite classes of general covariant massive field equations, with new matrix formalisms), are 
derived uniquely from only a very few axioms"; where as a basic additional assumption (that is the 
assumption (2) in Sec. 3-1), in agreement with the rational Lorentz symmetry group, it has been also 
assumed that the components of relativistic energy-momentum (D-momentum) can only take the 
rational values. Concerning the basic assumption of rationality of relativistic energy-momentum, it is 
necessary to add (as mentioned in Sec. 3-1) that the rational Lorentz symmetry group is not only 
dense in the general form of Lorentz group, but also is compatible with the necessary conditions 
required basically for the formalism of a consistent relativistic quantum theory [77]. In essence, the 
main scheme of the new mathematical axiomatic approach to fundamental laws of nature presented 
in Sec. 3, is as follows. First in Sec. 3-1-1, based on the assumption of rationality of D-momentum, 
by linearization (along with a parameterization procedure) of the Lorentz invariant energy - 
momentum quadratic relation, a unique set of Lorentz invariant systems of homogeneous linear 
equations (with matrix formalisms compatible with certain Clifford, and symmetric algebras) has 
been derived. Then in Sec. 3-4, by first quantization (followed by a basic procedure of minimal 
coupling to space-time geometry) of these determined systems of linear equations, a set of two 
classes of general covariant massive (tensor) field equations (with matrix formalisms compatible 
with certain Clifford, and Weyl algebras) has been derived uniquely as well. Each class of the 
derived general covariant field equations also includes a definite form of torsion field appeared as 
generator of the corresponding field’ invariant mass. In addition, in Sections 3-4 - 3-5, it has been 
shown that the (l+3)-dimensional cases of two classes of derived field equations represent a new 
general covariant massive formalism of bispinor fields of spin-2, and spin-1 particles, respectively. In 
fact, these uniquely determined bispinor fields represent a unique set of new generalized massive forms of 
the laws governing the fundamental forces of nature, including the Einstein (gravitational), Maxwell 
(electromagnetic) and Yang -Mills (nuclear) field equations. Moreover, it has been also shown that the 
(l+2)-dimensional cases of two classes of these field equations represent (asymptotically) a new general 
covariant massive formalism of bispinor fields of spin-3/2 and spin- 1/2 particles, respectively, 
corresponding to the Dirac and Rarita-Schwinger equations. 

As a particular consequence, in Sec. 3-4-2, it has been shown that a certain massive formalism of general 
relativity - with a definite form of torsion field appeared originally as the generator of gravitational 
field’s invariant mass - is obtained only by first quantization (followed by a basic procedure of minimal 
coupling to space-time geometry) of a certain set of special relativistic algebraic matrix equations. In Sec. 
3-4-4, it has been also proved that Lagrangian densities specified for the originally derived new massive 
forms of the Maxwell, Yang -Mills and Dirac field equations, are also gauge invariant, where the invariant 
mass of each field is generated solely by the corresponding torsion field. In addition, in Sec. 3-4-5, in 
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agreement with recent astronomical data, a new particular form of massive boson has been identified 
(corresponding to U(l) gauge group) with invariant mass: m y ~ 4.9057 lxlO" 50 kg, which is specially 
generated by a coupled torsion field of the background space-time geometry. 

Moreover, in Sec. 3-5-2, based on the definite mathematical formalism of this new axiomatic 
approach, along with the C, P and T symmetries (represented basically by the corresponding 
quantum matrix operators) of uniquely derived two fundamental classes of general covariant field 
equations, it has been concluded that the universe could be realized solely with the (1+2) and (1+3)- 
dimensional space-times (where this conclusion, in particular, is based on the time-reversal 
symmetry). In Sections 3-5-3 and 3-5-4, it has been proved that 'CPT' is the only (unique) 
combination of C, P, and T symmetries that could be defined as a symmetry for interacting fields.. In 
addition, in Sec. 3-5-4, on the basis of these discrete symmetries of derived field equations, it has 
been also shown that only left-handed particle fields (along with their complementary right-handed 
fields) could be coupled to the corresponding (any) source currents. Furthermore, in Sec. 3-6, it has 
been shown that metric of the background space-time is diagonalized for the uniquely derived 
fermion field equations (defined and expressed solely in (l+2)-dimensional space-time), where this 
property generates a certain set of additional symmetries corresponding uniquely to the 
SU(2) L ®U(2) R symmetry group for spin- 1/2 fermion fields (representing “1+3” generations of four 
fermions, including a group of eight leptons and a group of eight quarks), and also the SU(2)l®U(2) r 
and SU(3) gauge symmetry groups for spin-1 boson fields coupled to the spin- 1/2 fermionic source 
currents. Hence, along with the known elementary particles, eight new elementary particles, 
including: four new charge-less right-handed spin- 1/2 fermions (two leptons and two quarks, 
represented by “z e , z n and z u , Zd”), a spin-3/2 fermion, and also three new spin-1 massive bosons 

(represented by "W',W , Z ", where in particular, the new boson Z is complementary right- 

handed particle of ordinary Z boson), have been predicted uniquely by this fundamental axiomatic 
approach. As a particular result, in Sec. 3-4-2, based on the definite and unique formulation of the 
derived Maxwell’s equations (and also determined Yang-Mills equations, represented uniquely with 
two specific forms of gauge symmetries, in 3-6-3-2), it has been also concluded generally that 
magnetic monopoles could not exist in nature. 

The new results obtained in this article, which are connecting with a number of longstanding 
essential issues in science and philosophy, demonstrate the wide efficiency of a new fundamental 
algebraic-axiomatic formalism presented in Sec. 2 of this article. 
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Appendix A. 

The matrix equation (64) in Minkowski flat space-time (with metric signature (-1 ...-)) would be 

represented simply by: 

(a M p M -m 0 I)S = 0 (A) 

where I is the identity matrix, and column matrix S is defined uniquely by formulas (66) - (70),... in 
(1+1), (1+2), (1+3), (1+4), (1+5),... space-time dimensions. The general contravariant forms of real 

matrices <2 // that generate the Clifford algebra Cfuv (for N > 2) in (1+AO-dimensional space-time, are 
(as mentioned in Sec. 3-3), are expressed by formulas (66) - (70),... in various space-times dimensions. 
Moreover, following the axiomatic approach of derivation of matrix equation (64), matrices Gt‘ u in 
Minkowski flat space-time also hold the Hermiticity and anti-Hermiticity properties such that: 
a° =(a 0 )* (compatible with (cn°) 2 =1), and U /l =— (cr“)* (compatible with (cr°)" = — 1, for ju 
=1,2,3,...). 

These matrices in the (1+1), (1+2), (1+3) and (1+4) -dimensional Minkowski space-time (as special cases 
of their general contravariant forms (65) - (69),...), have the following representations, respectively: 

- For (l+l)-dimensional space-time we have: 



- For (l+2)-dimensional case we get: 

'1 0 0 0 " 

o _ Ter 0 + cr 1 0 1 0 1 0 0 

0 -((xVa 1 )]” 0 0-1 0 ’ 

[o 0 0 -1 
"0 0 0 1" 
o ^ 2 -^ 3 l_ 0 0 10 
? + ( 7 3 0 0 -10 0 ’ 
-10 0 0 
"0 0 1 o' 

0 -o-'+o- 0 ] 0 0 0 -1 

-a- 0 0 -10 0 O' 

0 10 0 




(A-2) 
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- In (1+3) dimensions, we have: 


a 


o 


r°+r l 

o 



10 0 0 
0 10 0 
0 0 10 
0 0 0 1 
0 0 0 0 
0 0 0 0 
0 0 0 0 
0 0 0 0 


0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

-10 0 0 
0-100 
0 0-10 
0 0 0 -1 


a 


1 




0 0 0 0 0 0 0 1 

0 0 0 0 0 0 1 0 

0 0000-100 

0 000 -1 000 
0 0 0 1 0 0 0 0 

0 0 1 0 0 0 0 0 

0 -1 000 000 
-1 0000 000 


a 2 = 


o y 4 + y 5 
y 4 + y 5 0 


00 0000 -1 0 
0 0 0 0 0 0 0 1 

0 0 0 0 1 0 0 0 

00 000 -1 00 
00 -1 000 00 
0 0 0 1 0 0 0 0 

1 0 0 0 0 0 0 0 

0 -1 0000 00 


a 3 = 


0 

r 6 -/ 1 


r 6 -/ 1 

0 


0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 

0 10 0 

-10 0 0 

0 0 0 1 

0 0-10 


0 10 0 

-10 0 0 

0 0 0 1 

0 0-10 
0 0 0 0 

0 0 0 0 

0 0 0 0 

0 0 0 0 


(A-3) 
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- In (1+4) dimensions, these matrices given by: 


1 0 0 0 0 0 

0 1 0 0 0 0 

0 0 1 0 0 0 

0 0 0 1 0 0 

0 0 0 0 1 0 

0 0 0 0 0 1 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 000-1 
0 0 0 1 0 

0 0 10 0 
0 -100 0 
-10000 


0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

1 0 0 0 0 

0 10 0 0 
0 0-10 0 
0 0 0 -1 0 

0 0 0 0 -1 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 -1 

0 00-1 0 
0 0 10 0 

0 10 0 0 

-1000 0 
0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 


0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

0 0 0 0 0 

-1 0 0 0 0 

0-1000 
0 0-10 0 

0 0 0-10 

0 0 0 0 -1 

0 0 0 0 0 1 ' 

0 0 0 0 1 0 

0 0 0 -1 0 0 

0 0 -1 0 0 0 

0 1 0 0 0 0 

1 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 

0 0 0 0 0 0 
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0000 0000 

0000 0000 

0000 0000 

0000 0000 

0000 0000 

0000 0000 

0000 0000 

0000 0000 

0 0 0 0 0 0 1 0 

0000 000 -1 
0000 -1 000 
0 0 0 0 0 1 0 0 

0 0 1 0 0 0 0 0 

000 -1 0000 
-1 000 0000 
0 1 0 0 0 0 0 0 


0 0 0 0 0 0 1 0 

0000 000 -1 
0000 -1 000 
0 0 0 0 0 1 0 0 

0 0 1 0 0 0 0 0 

000-10000 
-1 000 0000 
0 1 0 0 0 0 0 0 

0000 0000 

0000 0000 

0000 0000 

0000 0000 

0000 0000 

0000 0000 

0000 0000 

0000 0000 


00000000 
00000000 
00000000 
00000000 
00000000 
00000000 
00000000 
00000000 
0 0 0 0 0 1 0 0 

0000 -1 000 
0 0 0 0 0 0 0 1 

000000 -1 0 
0 1 0 0 0 0 0 0 

-1 0000000 
0 0 0 1 0 0 0 0 

00 -1 00000 


0 0 0 0 0 1 0 0 

0000 -1 000 
0 0 0 0 0 0 0 1 

000000 -1 0 
0 1 0 0 0 0 0 0 

-1 0000000 
0 0 0 1 0 0 0 0 

00 -1 00000 
00000000 
00000000 
00000000 
00000000 
00000000 
00000000 
00000000 
00000000 
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00000000 
00000000 
00000000 
00000000 
00000000 
00000000 
00000000 
00000000 
0 0 0 1 0 0 0 0 

00 -1 00000 
0 1 0 0 0 0 0 0 

-1 0000000 
0000000 -1 
0 0 0 0 0 0 1 0 

00000 -1 00 
0 0 0 0 1 0 0 0 


0 0 0 1 0 0 0 0 

00 -1 00000 
0 1 0 0 0 0 0 0 

-1 0000000 
0000000 -1 
0 0 0 0 0 0 1 0 

00000 -1 00 
0 0 0 0 1 0 0 0 

00000000 ’ 
00000000 
00000000 
00000000 
00000000 
00000000 
00000000 
00000000 


(A-4). 
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